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TTAPAJIOKCAJIBHI BJIACTUBOCTI JITHIT INEPECJIIAYBAHHA
Y 3AJAYI ITEPEXOIUIEHHSA BTIKAYA HA TOPU3OHTAJIBHIN TVIOIINHI

IIpodnematuka. Kpua nepeciigyBaHHs — 1€ JIiHisI, Y3[0BX sIKOi PYXa€ThCsl MepeciiayBay Mia yac mepecsiayBaHHs
BTikaua. Po3misimaeTbcst HOBUI Miaxin 10 nMoOynoBU, iHTErpyBaHHS Ta aHaJli3y AMMepeH1iabHOTO PiBHSIHHS KPUBOI
nepeciiayBaHHs y KJIACUYHIN 3a/1aui MepexoruieHHs BTikaya Ha TUJIONIMHI. Y 3arporoHoBaHOMY (OpPMYJIOBaHHI BiH
€ HOBHUM i aKTyaJbHUM i3 MPaKTUYHOI TOUKM 30py y TaKux cdepax, siK TpaHCIIOPT, JIOTiCTHMKa, BiliCbKOBa CIIpaBa,
CMOPTUBHI 3aX0IU TOLIO.

Merta aocaimkeHHs. MeToro poOOTH € BU3HAYEHHS ONTHMAJIBHOTO KyTa HaxWJIy MpsIMOi, TI0 SIKiii Ma€e pyxaTHUCh BTiKau,
11100 MAaKCUMaJIbHO HAOJMU3UTUCS JI0 JIiHIT «KUTTsI» 10 MOTO 3aTpUMaHHs MepeciliayBayeM.

Metoauka peauizamii. /{71 DOCSTHEHHSI ITOCTaBICHOI METH BMKOPUCTOBYBAIMCS KJIACUYHI METOAM iHTErPyBaHHS M-
depeHLiaTbHUX PiBHSIHB Y MapaMeTpUuHiii (popmi, a TakoX rpacdiyHO-YMCIOBUIA IHCTPYMEHTApii, SKUii HaJa€ MaKeT
nporpamHoro 3abesnedyeHHs: MathCad.

Pesyabratn pocuimkenns. CpopmynboBaHo audepeHiajbHe piBHSIHHS KPUBOI MEpeCiIilyBaHHS i BCTAHOBJIEHO MOTO
PO3B’SI30K y 3aMKHEHil mapaMmeTpuuHiil ¢popMi. [IpoBeaeHo 10ro 4MCIOBUIL aHAMI3 i JOCIIKEHO BILIUB ITapaMeTpiB
o (CIiBBiOHOLIEHHS LIBUAKOCTEN IepeciiayBaya i BTikaya) Ta k Ha MOBEAiHKY KpuUBOI nepeciigyBaHHs. [IpoaHanizo-
BaHO 3ajIeXXHicTh 3MiHM BincraHi x(0, k, o) y3M0BX TOpU30HTaIbHOI oci OX Ha MOMEHT 3aTpMMaHHS BTiKaua 3ajiexKHO
BiIl BeJIMYMHU KyTOBOTO Koe(illieHTa k TIpssMoi 1oro pyxy 3a ¢ikcoBaHOro KoedillieHTa a.

BucHoBkn. Y pe3yibTari JOCTIIKEHHS 3’sICOBAaHO, IO SIKIIO KOeMilieHT o — o (TOOTO IIBMAKICTH IMepeciidyBaya
3HAYHO TEepEeBUIIYE IIBUIKICTh BTiKaua), To BiacTaHb Xx(0, k, a), Ha sKiii OCTaHHBOTO OyAe 3aTPUMAHO, TPSIMYE JIO
Hynsl. 3 iHIIoro 60Ky, SIKIO o — 1 (TOOTO IIBMUAKICTH KaTepiB € OIHAKOBOIO), TO 3a3HauyeHa BiJCTaHb MPSIMYE Y
HECKiHYEHHICTh, TOOTO 3aTPMMaHHS BTiKaya He BimOyaeTbcs. 3ayexxHicTh 3MiHu BiacTaHi x(0, k, o) y310BX ropu3oH-
TajgbHOI oci OX Bif koedillieHTa kK Ma€ YiTKO BUPaXEHWI JOKaJbHUII MAaKCUMYM 3a YMOBU k # 0, sIKWii BKasye Ha
Te, 1110 iCHY€E MEBHUI HEHYJIbOBUI KYT HAaXWUJIy MPSIMOi BTeUi, SKUIl 1a€ MOXJIUBICTh BTiKauy JOCSITTH MaKCUMAaJbHOTO
nepemitieHHs x(0, k, o) y OiK «JTiHii XUTTSI». TaKUM YMHOM, CIIOCTepiraeMo mapanoKcaabHe SIBUILE: Ul BIAJOl BTeYi
cTpaTerisi BUOOpY KyTa Haxujy MpsIMOi, SIKM JOPIBHIOE HYJO (TOOTO pyX MO HAWKOPOTIIOMY BiIPi3Ky, 1110 3’€THYE
IIBi mapaJjesbHi JIiHii), He € MPaBUIbHOIO.

KnouoBi cioBa: mepexoryieHHsI BTikaya Ha IUIOIIMHI; KpHBa IepeclioZyBaHHs; KaTep-IlepeciigyBay; KaTep-BTiKay;
JIiHisSI BTeYi; JiHisl KUTTS; IUBUAKICTh KaTepiB; JOKAIbHUIA MaKCUMYM.

BOCTi KpUBOI MepeciigyBaHHsI Ta OTpUMaHi 3 Hei
XapaKTepUCTUKHU, SIKi BIUIMBalOTh Ha 3JaTHIiCThb
BTiKaua YHUKHYTM 3axOIUJIEHHS y Tpoleci BTedi
Ha HalJoBIIi TOPU3OHTAIbHIN BiacTaHi y OiK «JIi-

Beryn

3arpoItoHoBaHa poboTa € MPOTOBXEHHSIM ITO-
nepeaHixX ToCHimKeHb aBTopa [23—25] y Mexax pi3-

HOMAaHITHUX 3a/1a4 MepeciiTyBaHHS.

V uiii cTaTTi pO3rJISIHYTO aKTyajbHY 3agaudy
noOyaoBM MaTeMaTUYHOI MOAEdi mpouecy me-
pecllimyBaHHsI BTiKaya Ha IUIOLIMHI 3 TOLIYKOM
ONTUMAJILHOTO KyTa HaxWJIy JiHil BT€Yi 3 METOO
YHUKHEHHSI BTiKaueM 3aXOIUICHHsI Ha HailJgoBILO-
MY BilIpi3Ky y 3amaHoMmy HamnpsiMmky. HoBa mocrta-
HOBKa 3ajayi J03BOJISIE BCTAHOBUTU HOBi BJACTU-

Hil XUTTsI». SIK 3’cyBanocs y Ipoleci TOCTimKeH-
HsI, HA OCHOBIi KiJIbKiCHOro Ta SIKiCHOTO aHai3y
BIUIMBY XapaKTepPUCTUK KPUBOI IepeciigyBaHHS
MOXHa OMNTUMAaJbHO 3MOJEII0OBATU CTpaTerilo Ta-
Koi BTeui, sika € MapajoKcajlbHOK0. MaTeMaTuyHa
MOJIeJIb JI03BOJISIE MiAiOpaTH ONTUMAaJbHUN KYT
HaxuJjy JiHii BTeui, 110 i 3a0e3nevyye 3a3HaYeHUN
BUIILIE pyX BTiKaua.

kpisn.2025.1.321963

IIponosunis nas muryBanus miei crarri: B.I1. Jlereza, “IlapamokcanbHi BIacTUBOCTI JIiHil TepeciimyBaHHs y 3amavi
MepexorUIeHHs BTiKaya Ha TOpU3OHTalbHIN rutowuHi”, Haykoei eicmi KIII, No 1, c. 7—14, 2025. doi: 10.20535/

Offer a citation for this article: Viktor Legeza, “Paradoxical properties of the line of pursuit in the problem of inter-
cepting a fugitive on a horizontal plane”, KPI Science News, no. 1, pp. 7—14, 2025. doi: 10.20535/kpisn.2025.1.321963
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Hagenemo cruciauit onisia JliTepaTypHUX JKEpes
1 TIepeiiieMo OO0 pO3rOPHYTOL IIOCTAHOBKU 3a4ayi.

Orasin iTepaTypHux pKepest

3agaui mepeciigyBaHHSI, KMOBIpHO, BUHMKIU
1 gocmimkyBanucs e 3 4aciB JleoHapmo ga BiH-
yi — came BiH OyB MepLIMM BUYEHUM, XTO JOCJIiIUB
110 3a/1auy y BUIIAJIKy, KOJIK BTiKau pyxaBcsl IO To-
PU3OHTAbHIN TIpsiMiil. Binbln 3arajibHUiA BUITaIOK
JocimKyBaB (paHLy3bkuii BueHuii [1’ep byrep
y 1732 p. [1—4]. 3amaua mojsraga y Tomy, 100U
3HAWTU KPUBY TepecsigyBaHHSI TOProBOTrO CyaHa
nipaTcbKUM KopabsieM, MpyU LbOMY MPUITYCKaI0Cs,
1110 3HAYEHHST IIIBUAKOCTI IBOX CYJEH 3aBXIU Tepe-
OyBalOTh B OJHAKOBOMY CITiBBiTHOIIICHHI.

Y poborax [4—7] Oyno pO3MISTHYTO BigZoOMY
3a7a4y Mpo <«IepecigyBaHHSI YOTUPLOX MUILEi».
ITpunyctMo, 4YOTUPU MHUIL PO3MillleHI Y KOXHO-
My 3 YOTUPBHOX KYTiB KBaIpaTHOIO CTOJ]Y, i KOXHa
MUIlIa OLKMTH OO Ti€l, 10 IpaBopy4 Big Hei. Ilo-
TpiOHO 3HAWTH MapaMeTPUYHi KPUBI, SIKi OMUCYIOTh
TPa€EKTOPil0 pyXy KOxXHOi MuIli. Po3p’sa3kamu i€l
3a7a4i OyyThb CHipajibHi TPAEKTOPII, SIKi 30iraroThcst
IO LIEHTPY CTOJY.

Y pobGorti [8] Oy10 PO3IISIHYTO JAeTepMiHOBA-
He HerepepBHE TepecilifyBaHHS, B IKOMY A Mypax
JKEHYThCSI OJIHA 32 OJHOIO MO KOJy Ta MaloTh Harle-
pen 3ajaHi 3MiHHI WIBUAKOCTI. Po3risgaioTees Ta-
KOX JIBa JUCKPETHI aHaJIOTH, B SIKUX LIBIpKYyH (abo
»kaba) LUKIIYHO TMepeciiyioTh iHIIOro LBipKyHa
(abo xkaby) 3 MOCTITHOIO Ta OJHAKOBO LIBUAKICTIO.
JochniaKyeTbcsl MOXJIMBA €BOJIOLISI 1IbOTO PyXY
y Mipy TOro, K 4ac IIpSIMY€E OO0 HECKiHYEHHOCTI:
3ITKHEHHSI, TPaHUYHI TOYKU, CTaH PIBHOBAru i me-
PIOOAVYHUNA pyX.

VYV pobGoti [9] momaHO TpOCTy MaTeMaTUYHY
MOJIeJIb JIOKAJIbHOI B3a€EMOJIii KOJIOHii Mypax 4u
IHIIMX OPUPOAHUX A0O0 IUTYYHUX iCTOT 3 BEJIUMKUM
«BIIYYTTSAM IJIOOAJBHOI T€OMETpil» IS TOro, oo
3HAUTU TIPSIMUUA 1JISIX Big MypaluHuWKa A0 ixi. Lls
3aja4da TeX po3MIsIajach y MexXKax 3arajbHol 3agadi
nepeciinyBaHHS # Mypax.

V pob6orti [10] mociaimKyeTbesl pyx AOBUILHOTO
Habopy TOYoK (200 KyKiB) Ha TJIOLIMHI, 110 Tepe-
CITIAYIOTh OAHA OHY Y HUKJIIYHOMY IIepeCIiTyBaHHi.
ITokazaHo, 1110 JJ1s1 PETYJSIPHUX LIEHTPaJIbHO-CHUME-
TPUUYHUX KOHQirypauiid aHaJdiTU4YHI pillleHHS Jer-
KO OTpUMAaTH IUISIXOM Iepexoay A0 BilllOBiIHOI
00epToBOI cucTteMu BimiKy. OOroBOpeHO AeKilbKa
BUTNAJKIB HECUMETPUYHNUX KOHQIrypaiiii. 3okpemMa,
MoKa3aHo, 10 JJIsI TPhOX KYKiB Y TPUKYTHilA KOH-
(irypauii 1eHTpaIbHOOOEPTOBOI CUCTEMU KOOPAM-
HAaT, BITHOCHO $SIKOI XXYKM He MalOTh TaHIe€HIIiaIbHOI

LIBUJKOCTI, € TOUKOIO KOJAICy i 30iraeTbcsl 3 OfHi-
€10 i3 I1BOX TOUOK bpokapa y TpukyTHuKy. s BuU-
MaaKy, KOJM BCi KYKM MarOTh OIHAKOBY LIBUAKICTb,
JIOBEICHO TeopeMy Mpo Te, 1110 1Iopa3y, KOJU Biady-
BA€EThCS NepenyacHe (TOOTO HEB3aEMHE) 3aXOTLUIEHHS,
3ITKHEHHSI Ma€ OyTu JioboBuM. 111 TeopeMa 3acToco-
BYETHCSI TAKOX JI0 BUITAAKy KOHirypaliiit i3 Tpboma
Ta YOTHMpMa XKyKaMM, 1100 MoKa3aTH, 110 1i CUCTEMU
PYWHYIOTBCSI 10 MEBHOI TOUYKM, TOOTO 3aXOIIEHHSI €
B3aeMHUM. JlesiKi acriekTu LMX pe3yJibTaTiB y3arajib-
HEHO Ha BUIIAIIOK CHCTEM i3 7 XKyKaMHU.

Y poboti [11] mochmimKyeTbcsl pyX HOBLIBLHOI
MHOXWHM TOYOK Ha IUIOLIMHI, 110 MepeclidyloTh
ofHAa OIHY, pyXal4uch Mo kKomay. JlaHo Habip mo-
3HayeHUX To4okK 1, 2, 3, ..., m i3 KoopauHaTaMu
(s 1), (s 3y coos (X, ), @ TOUKY (x,, ¥,) BBAXAIOTD
TOUYKOIO-TIepECTilyBaueM TOUYKU-BTiKaua (X.;, V.;)
Y3I0BX MUTTEBOI JIiHil, 1110 iX 3’ennaye. 11106 3amMKHYy-
TH LUKIJI, TOYKa (X,, y,) Ma€ MEPeciiayBaTU TOUYKY
(x;, y;). ¥Yci Touku pyxaroThbcsl 3 OAHAKOBOIO LIBU/I-
KicTio. OnucaHuii y TaKuii crocid pyx Ha3uBalOTh
PYXOM y <«IIpssMOMY dYaci». SKilo 3HaK orepaTopa
MOXiTHOI 3a YacOM 3MiHEHO, Y pe3yJIbTaTi YOro ToYKa
(x,, y,) BigmamsA€THCA Bil TOUKH (X, V;\;), PYX Ha3U-
BalOTh PYXOM Yy «3BOPOTHOMY 4aci». Pyx sk y mpsi-
MOMY, TaK i y 3BOPOTHOMY 4aci BMBYAlOTh 3a J0-
TMOMOTOI0 PO3pO0JIEHOI KOMIT'IOTEPHOI TMpPOrpaMu.
VY npsimomy 4aci cnocTepira€Thbcsl, 1110 BPELITi-pellT
Malike y BCiX BUIIPOOYBaHUX BUIAJKaX TOUYKM CTa-
I0Thb KOJIiIHEAPHUMU, 3 BEJIMKHM CITiBBIZHOLIEHHSIM
MaKCUMaJIbHOI BIICTaHi A0 MiHIMaJbHOI HE3aJeXHO
Big (popMU MOUYATKOBOI KOH(irypaiiii. ¥ 3BOpoTHOMY
yaci CIOCTEPiraeTbes, 1110 TOYKHU, 3PELITO, PO3Mi-
LYIOTLCSL Y BUIJISII 3ipKU, TTPUUOMY KYT BEPILIMHU
3ipKM MEHILIUK Bi AESIKOro 4ucjia B palioHi OeB’sI-
HocTa rpamyciB. 3a JIOMOMOIOI0 aHajli3y, OCHOBaHO-
IO Ha CTIAKOCTI piBHSIHb PyXy, OOUMCIIIOETLCS TOUHE
3HAYEHHsI MAaKCUMaJIbHOTO 30PSIHOTO KyTa SIK (hyHK-
11is1 KiJIbKOCTi TOYOK.

Y pobGoti [12] posrisimaeTbes moOpe BigoMa
npobyieMa, SKy ChOrOAHiI IPOJAOBXYIOTb aHasli3y-
BaTu. Tpu (um Oinblue) KyKiB, sIKi CIIOYATKy Mic-
TITbCSl Y BEpLIMHAX TMPaBUJIBHOTO OaraTOKyTHMKA,
MOYMHAIOTh LIMKJIIYHO MepecaiiyBaTh OJUH OJHOTIO,
PYXaroThCsl pa3oM 3 OHAKOBOIO IIBUIKICTIO. 3a3BU-
yail moTpiOHO 3HATHU BiACTaHb, MPOUAECHY KOXHUM
JKYKOM JI0 B3AEMHOTO 3axOruieHHs. Bunagoxk 4oTtu-
PbOX KYKiB € HaimpocTilunM. Yepe3 cuMeTpiro yo-
TUPU KYKU 3aBXKIM 3aTUIIAI0ThCS Ha YOTUPHOX BEP-
mmHax kBagpara. OCKiIbKM KYK-BTikau 2K2 3aBxau
PYXa€eTbCs il NPSIMUM KYTOM JI0 XKyKa-TepeclinyBa-
ya 2K1, mBMAKICTb 3aXOIJICHHS JJIs1 LIMX JBOX XKYKiB
3aJIEKUTD JIMILE Bif IBMAKOCTI XyKa 2K1. Bunamok
JIJIS1 M 3KYKIB JIMIIE TPOXM CKJIANHIIINKI. 3amadya 3HOBY
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CUMETPUYHA, OCKUJIbKM # XKYKiB PO3MIillIEH] 3aBXIU
y 1 BeplIMHAX MPaBUJIbHOTO A-KyTHUKA.

VY kHu3i [13] HaBeneHO CUCTEMHiI METOAU BU-
rpamy y audepeHLialbHUX irpax nepeciigyBaHHS
Ta YXWJISTHHS, MOCJHIIKYETbCSI OOCST 1 3aCTOCYBaH-
Hsl irpoBUX Ipouenyp. YuciaeHHI KOPUCHI TIpuKJia-
IW UIIOCTPYIOTh 0a30Bi i pO3IIMPEHi KOHIEMIIil,
BKJTIOYAIOUM 3aXOIUIEHHSI, CTpaTerilo Ta ajredopaid-
Hy Teopito. TakoxX MiCTUTbCSI pO3IJISiA SIK JiHIMHUX,
TaK i HeJIiHiMHUX irop. Po3aiim KHUTM TaKOX BKJTIO-
YalTh CTPOOOCKOIIYHE Ta i30XPOHHE 3aXOIUICHHS
111, aJiredpaiyHy Teopilo i cTparterii BUOOpY.

Y pobGori [14] 3anportoHOBAaHO ITOCTAHOBKY
3a7a4i mepeciinyBaHHS Ha TUIOLIMHI 3 TOYKU 30DpY
MYJIBTHAreHTHOTO ITiaxomy. Po3risgaoTbes: po30iK-
HOCTI, SIKi BUPI3HSIIOTh IIPOIIOHOBAHY IOCTAHOBKY 3a-
Jladi BiJ MOCTAaHOBKM TaKol 3a7a4i 3 TOUKU 30pY Teopii
mndepeHianbHuX irop. HaBeneHo Tiepesiik METOIB,
SIKi TIOTPiOHO PO3POOUTH.

V cratTi [15] po3rasinyTo nudepeHiianbHi irpu
nepeciigyBaHHs Ha IUIOLIMHI, B SIKUX JJISI KOX-
HOIO i3 BTiKayiB CTBOPEHO TIPyIly MHepeciimiyBayiB.
CdopmyaboBaHO 3amadi onTUMi3allii TPy nepecii-
nyBaHHs. [ToOynmoBaHO YMCIIOBI METOAM PO3B’sI3aH-
HS TaKMX 3a1a4, TPOBEACHO YMCIIOBI €KCIIEPUMEHTH
Ta MpOaHaji30BaHO €(DEKTUBHICTh LIMX METO/IIB.

VY cratTi [16] po3misimaeThes 3amaya epeciiny-
BaHHSI i3 MPOCTUM PYXOM JJIsl BUIAJAKY, KOJM Mak-
cUMaJibHa LIBUAKICTb IPaBlIiB OJHAKOBA, a JIOJMHA,
110 BTIKA€E, PYXa€TbCs IO CTPOTO OMYKJIiM IIaakKiit
n-BUMIipHiil moBepxHi. JloBeaeHo, 110 3aBeplICH-
HSI MepeciiiyBaHHSI MOXJIMBE 3 Oyab-SIKOI BUXil-
Hoi nmo3ullii. BctaHOBIEHO, 1110 YXUJISTHHSI MOXJIUBE
3 IeSIKUX BUXiTHUX TTOJOXEHb, SIKILO TileprnoBepx-
HSI MICTUTh ABOBHUMIPHY IUIOCKY YaCTUHY.

Y knu3i [17] po3risigaroThes 3amadi i3 Kjacud-
HOI Teopil ONTUMAaJIbHOTO KEpyBaHHSI, B SIKUX BU-
3HAYAETHCS ONTHMAabHE KepyBaHHS, SIKE ONTHUMIi3y€e
KpUTEpiil, MiANOpsaKOBaHUN AMHAMiYHOMY OOMe-
JKEHHIO, 1110 BUpa)Ka€ €BOJIIOLII0 CTaHy CUCTEMU
i BIUIMBOM KE€PiBHMX 3MiHHMX. SAKIIO LIeH Miaxis
MOIIMPUTU Ha BUMAAOK KiJbKOX KOHTpoJiepiB (abo
rpaBliiB) 3 Pi3HUMHU, a iHOJI i CynepeYIMBUMU KpU-
TepisiMu ontumizauii (pyHKLis BUTpally), MOXHA
noyaTd AOCHIIXKyBaTU OudepeHliaabHi irpu. Ju-
(bepeHLiaNbHI iIrPU 3 HYJIOBOIO CYMOIO, SIKi TaKOX
Ha3uBalOTh JUMepeHIiaJbHUMU irpaMu Tepeciiiay-
BaHHsI, CTAHOBJISITb HAOLIbII pO3pO0JIEHY YaCTUHY
IudepeHLiaTbHUX irop i peTeJibHO JOCiIXKYIOTbCS.
YV KkHU3i po3po0JIeHO MOBHY TeOpito nudepeHIliaab-
HUX irop mepeciigyBaHHsS 3 IOBHOIO i YaCTKOBOIO
iHdopmaliiero. Po3B’s13y10TbCsl UMCIAEHHI KOHKPETHI
irpy nepecyiTyBaHHS-yXWISIHHS (irpy «JTiHisl XKUTTSI»,
MPOCTi irpu MepeciimyBaHHS TOIIO), a TaKOX HOBI

Y3roJiXKeHi y Yaci MPUHLIMIIM ONTUMAJIbHOCTI B TEOPii
IudepeHIiaJbHUX irop # ocio.

Knura [18] — ue Bimomuii migpyyHuK i3 aude-
peHLiaJIbHUX irop. ¥ HboMmy audepeHUialbHi irpu
PO3TJISIAI0ThCS SIK KOH(JIIKTHI CUTYyallil 3 HEeCKiH-
YEHHOIO0 MHOXMHOIO aJIbTePHATUB, SIKi MOXXHA OTH-
caTu 3a JOIIOMOIol0 audepeHLiaJbHUX PiBHSHb.
Y KHU3I TOJIOBHY yBary NpUIJIEHO NPUHIIUIIOBAM
MaTeMaTUYHUM TUTaHHSIM, METOAW pO3B’SI3aHHS
UTIOCTPYIOTBCSI BEJIMKOIO KUIBKICTIO I[IKAaBUX IIPHU-
KJIaliB, SKi caMi Mo co0i € BaxKJIMBUMM. 3ampoIio-
HOBaHO HU3KY MOCTAaHOBOK HEPO3B’sI3aHMX 3adauy.

Y xHwu3i [19] npouec nepecigyBaHHSI aHAITi3y-
€TbCS 3 BiICbKOBOI TOUKM 30py. K mepeciayBauiB
MOXHa PO3IJISJaTh paKeTH, JiTaKh-MepexoritoBa-
yi (a0o iHIII JiTajJbHI amapaTv); IHTEJIEKTyaJlbHUI
MOIIYK BiliCbKOBOI Wil (Hampukiaa, CKiaamiB 0o-
€NpuIIaciB, TaHKIB, JIiTaKiB Ha aepoApoMax TOILO);
Higpo3aiJ a00 OKPEeMOro coJjaTa, SIKUil Iepeciiinye
i HAOJIMIKAETHCS 10 BOPOXKOTo Mifpo3aiy abo okpe-
MOTIO coJjigaTa; KopabJii, 1110 HaOIMXKalOThCs O0 iH-
IIMX KOpaOJiB, TOPIEAN CTEXEHHS, SIKi BUOYXalOTh
Ha BOpPOXUX KopaOusisix. ¥ wiil poboTi mpoluec Tme-
peclligyBaHHSI PO3MISIAABCS i3 BpaXyBaHHSIM TaKUX
MNPUITYLIEHbB: TIepeciliyBay pyXa€Tbcsl 3 MOCTIHHOIO
IIBUIKICTIO, TEepecilimyBaHHsI BinOyBa€eTbcsl B 3a-
JAHOMY HAaIpsIMKY MPOTSroM TMEBHOro iHTepBally
yacy, i nepeciinyBay 3aBxXau 0auuTh BTiKaya (1ijab).
MonentoBaHHS MPOLIECY MEPECilyBaHHSI CIIOYATKY
BUKOHAHO JUISI TUIOCKOTO BHUIIAAKY, a TOTIM IIT MO-
Jedb Y3araabHIOETbCSI HAa TPUBMMIPHUI BMIAIOK.
3aBaaHHs MOJISITAE Y TOMY, 11100 BUSHAYUTU KPUBY
pyXy JUIsl TiepeciliiyBaya 3a yMOBM, 1O pO3Tally-
BaHHS LiJ1i € BiTOMUM.

V texniuHomy 3BiTi [20] HaBeneHO OeTajlbHUIA
OIMC BIIPOBAMKEHHS YMCTOTO AJITOPUTMY CTEXKEHHS
3a KpUBOIO mepeciigyBaHHs. BpaxoBylouu 3arajib-
HUI YCITIX aJITOPUTMY 3a OCTaHHI POKU, UMOBIpHO,
110 MOTro 3HOBY BMKOPMCTOBYBAaTUMYTb Yy 3agayax
Ha3eMHOI Hagirauii. 3BiT TaKOX BKJIIOYA€E TreoMe-
TPUYHY BEPCiI0 METOAY, Y HbOMY MICTSAThCS ACSKIi
BiIOMOCTI TIPO €(PEeKTUBHICTb aJITOPUTMY SIK (PYHK-
Lii 1ioro ImapaMeTpiB.

YV crarri [21] onucyeTbes mepecsiayBaHHS
TPETbOrO TOPSIAKY — I'pa B YXWUJIEHHS, B sKili o0u-
JIBa rpaBlli MalOTh OJHAKOBY IIBUAKICTh i MiHiMallb-
Huli paaiyc nmoBopoTy. CBoepiaHa rpa crovyaTKky Bu-
pilyeTbes I 6ap’epa abo O0OJOHKM CTaHiB, SIKi
MOXHa 3axonuTu. Koyin 3ax0rjieHHsI MOXJIMBE, Tpa
Ha TIeBHOMY PiBHi BUPILIYETHCS J1s1 ONITUMAIbHOTO
KOHTPOJIIO JBOX IpaBLiB K (YHKIIil BiIHOCHOI I10-
3uLii. BctaHOBIEHO, 1110 pO3B’S130K 3a7ayvi BKIIIOUAE
YHiBepcaJbHy TTOBEPXHIO IS MepeciimyBada i mo-
BEPXHIO PO3TOHY ISl TUX, XTO YXUJISIEThCS.
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V crarri [22] po3riasiia€Thesl KOMITJIaHApHA MPo-
OsiemMa yXWIEHHS Bill IepecyliayBaHHs, B sSIKiii OEpyThb
y4yacTb JBa nepeciimyBada P, ta P, Ta onuH BTikay E.
Brikau E yxunsieTbcst 3 mocTiiiHOW0O Ta Oi/IbILIO0, HiX
y TIepeciliayBaviB, LIBUAKICTIO w> 1, Ta Mae MpPOUTH
MiX [BOMA mepeciinyBayamMu P, Ta P, 3 ODMHUYHOIO
LIBUKICTIO, BUTpalll — BiJICTaHb HAWOJIMKIOIO Ha-
OMCKeHHST 10 Oyab-sIKoro 3 TepeciimyBadiB. Lle €
TUMOBA 3a7a4a JIBOX I'PaBLIiB 3 HYJIbOBOIO CYMOIO 3 Te-
opii irop. KepytounmMu 3MiHHUMM OOpaHO HarpsiM-
ku wBuakocti P, P, ta E. OTpuMaHo 3aMKHEHUI
PO3B’SI30K Yepe3 eNiNTUYHI (DYHKIIT neplioro i apy-
roro poxay. 3aMKHEHUIA po3B’I30K HaBeJeHO rpaciyHO
Ha KiJIbKOX Jiiarpamax Jijisl pi3HUX 3HaYeHb W.

Hapenenuit orsi JitepaTypHUX [Kepesl I0-
KazaB, 1[0 3alpOTOHOBaHA 3aJaya € HOBOWO i Mae
KOHKpETHE MpaKTUYHEe 3HAYEeHHS.

ITocTanoBka 3agaui

PosriasiHeMo cTapToBY MO3UILIIO JIBOX PYXO-
MHX TOUYOK, OJIHA 3 SIKMX Ilepeciiaye iHury (puc. 1).
Ha onHoMmy Gepesi (mo3HaueHOMy Ha puc. | sIK Bich
OY) BomoiimMu Ha BinctaHi y, =1 oauH BiI ogHOTO
CTOSTh ABa KaTepu — Karep OeperoBoi oxopoHu U
(Hapmanmi — KaTep-nepecyiayBay) i KaTep-TopyLIHUK
KopaoHy V (Hapmani — Karep-Brikau). BogoiiMa po3-
JIJISIE IBI KpaiHW SIK MPUPOJHA MeXa MiXK HUMM,
npu LIbOMY KaTep-BTiKay V HaMaraeTbCs SKHaMIII-
BUJILLIE MEPETHYTU BOAOMMY y HANpPSIMKY KOPAOHY
MiXX aBoma KpaiHaMu. Ha3Bemo ii «JIiHI€I0 XUTTS».
BBaxaTumeMo, 1110 1151 MeXa € MapajieJibHO Oepe-
roBilt JiiHii cTapTy ABOX KartepiB. Karep-nepeciiny-
Bau U Hamaraetrbcsl HazaorHatu karep V mo Toro
MOMEHTY, $SIK BiH JOCAT OM TI€BHOI TOYKM, SKa
MICTUTBCST Ha «JTiHIl KUTTSI».

Otxe, y moyaTkoBuit yac = (0 kaTep-nopyiu-
HUK V TIOYMHA€E PyXaTUCh Y3MOBX MpPSAMOi m = k&
(puc. 1) 31 wBuakictio v. Karep-nepecainysau U
CTapTye OAHOYACHO 3 KartepoM V ii y mpoueci mne-
peclliyBaHHsI OOMpa€e HampsIMOK pyXy Ha MOTOY-
HY TOUKY po3MillleHHs1 KaTepa V Ha momuHi OXY,
npu 1bomy karep U Mae LIBUIKICTD u, IKa B o, pasiB
Oinbllia 3a MBUAKICTh KaTepa V: u= av.

751 [oCsITHEHHSI MOCTaBIeHOI METU MOTPiOHO
pO3B’s13aTH Taki 3a/1ayi, 3HANILIOBIIN:

1) TpaekTopito L :{y = y(x)} pyxy katepa U;

2) yac 7T, 3a sKMii BiH Ha3goxeHe Katep V;

3) Touky Ha rIownHI OXY, B sIKiil BiH Ha3mo0-
>keHe karep V;

4) xoediuieHT k, sSKUil 3a0e3nevyye MaKCU-
MajlbHE MepeMillleHHs1 kartepa V y3moBx oci OX
Yy HAMpPSIMKY «JTiHIi XUTTS».

IIBuaxicTh Teuil BOGOMMU HE BPaXOBYETHCSI.

IToOynoBa micepeHIiabHOrO PiBHSAHHS TPAEKTOPIl
pyxy nepecJiityBaya

Tpaekropito L pyxy karepa U HazuBaTUMEMO
KPUBOIO TepecJIiTyBaHHs.

OTOTOXHUMO MiclierepeOyBaHHSI KaTepiB Ha
miowuHi OXY 3 toukamu U ta V. TlodHauumo ye-
pe3 (x, y) koopauHatu Touku U i depe3 (&,1)
KOOpAMHATU TOYKM V' y TOTOYHUIA MOMEHT yacy 1.
IIpoBenemo motuuny B Touui U(x, y) no Kpusoi L,
gka 3’egHye Touyku U ta V i1 BCTaHOBMMO CITiBBiI-
HOLUEHHS U1 MOXiaHOI (PyHKIIT y(X):

_ _kE-y
y_é—x:y_ E-x

Bupasumo 3miHHY & 3 piBHSIHHS (1):

' n-Jy ’ (1)

xy' —
g =)

e )

3HaiiieMo TMOXiIHY 32 YacoM Bijl 3MiHHOI &:

R

o X. 3)

Tenep BU3HAUYMMO CHiBBIIHOIIEHHS o JUISI MO-
IYIIB IIBUAKOCTE KaTepiB, BpaXOBYIOUM, 11O

= =J1+(")’x Ta v=+1+Kk*E.

OcCKiJIbKM BiIOMO, IO 4 = av, TO TOAI MOXHa
rnepenucaTy 1ie came CIiBBIIHOLIEHHS iHaKIIIe:

“)

BpaxoBytouu (3) ta (4), nicraHeMO PiBHSIHHS
TpaexTopii L:{y = y(x)}:

N0 (' -k)

J+i2 (v=kx)y"

IMepenumemo nudepeHuiaabHe piBHSIHHS (5)
LIyKaHOI KpUBOI iHaKIlIe:

I+ oy =1+ )2 (y k)

IIpuenHaemo g0 LILOTO PiBHSIHHS ABi TpaHUYHI
YMOBHU:

)

(6)

¥(0) =15 y'(0) = —» )

Otxe, 11100 3HAMTU KPUBY IepecsigyBaHHsI,
Ma€eEMO KpailoBy 3agauy 3 AudepeHLiaIbHUM piB-
HAHHSAM (6) 1 rpaHnuHUMHU ymoBamu (7).
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Po3p’s13anHs KpaiioBoi 3a1a4i 3 MOUIYKY PiBHSH- [M1o6 Bu3HAUUTK Meplily cTany y piBHSIHHI (12),

s Tpaekropii L : {y = y(x)} BUKOPHUCTAEMO CIIiBBIIHOLIEHHSI 7 = ¥ — kX Ta Kpa-
oBi ymoBu (7):

VY piBHsIHHI (6) 3p0OKMMO 3aMiHy 3MiHHOI:

wp)|,,. =1 (13)

Z:y_kX3Z/:y'_k;Z”:y”~ P>
Y pesyabTaTi TpaHUYHOTO TEPEXoay 3 ypaxy-

VY pesyabrati gictaHeMoO HeJliHiliHe audepeH- )
BaHHsIM (13) mictaHemo

LiajJbHE PIBHSHHS IPYTOro MOPSAKY:

a 1+ k2 'Z" 7= (Z!)2 . }1 +(zr+ k)2 (8) Cl = tga (arctg(l/k)/2)
PiBHSIHHS (8) JOMYCKAE 3HUXEHHS MOPSIIKY 3anuieMo Mepivii iHTerpaa y TakoMy BUIJISI:
Ha OAVMHMUIIIO, SIKILO 3pOOUTHU TaKy 3aMiHY: | »
tg| — arctg| ——————
dz d*z dp e (kj (1+Mp+kJ
— = y = . 9 = l— ] tg” .
e p(2) e () . ) z=ctg 5 tg 5 (14)

Y HOBMX 3MiHHUX piBHSIHHS (9) HaOyne Takoro

BUTJISILY: .
Bupaszumo 3 (14) dyHkuito p =z’ udepes z:
oN1+k>-pl-p-z=p Jl+(p+k). (10) »
V piBHsiHHI (10) CKOpPOTMMO Ha MHOXHUK 1+ k(p+k) -
p(z) # 0 i1 gictaHeMO PiBHSIHHS 3 BiIOKpPEMJIEHUMU 1
3MiHHUMM: 1 arctg (kj
= tg{2arctg| z* tg| ———= (15)
ikt & (11) 2

pJl+(p+k)}? <2

IpoinTerpyemo JiiBy yactiHy piBHsiHHs (11): [To3HaYMMO TIpaBy YACTUHY CIIiBBiIHOIIEHHS

d (15) uepe3 f(z,k,a). Y pe3ynbTaTi OTPUMYEMO PiB-
o1+ k2 - J m = HSTHHSI TIEPIIIOTO MOPSaKY (TyT p = Z'):
o du dz _ f@ka) (K +1) 16
_|te) =prkidp=— dx  1-f(z. k) k 1o
p=tgu—k

3anuiiemMo JIpyruii iHterpaa, BUKOPUCTOBYIO-
sinu — kcosu S faka)-k
du xX(z,k,0) = | . :
:aJ' f(z,k,o)-(k” +1)

sin(u —arctgk) '
tof 4= arctg k
ctg B SIKi pa30oM OMNMUCYIOTh TPAEKTOPIilO TIepecaigyBaHHS
y(x) B napaMeTpUuHiii (hopmi y BUTJIsAII mapu (pyHK-
— ln‘ctg(arctg(k + p) —arctgk j‘ - 1iif, e 3MiHHA Z BUCTYIIA€ SIK MapaMeTp, a came:

2
{x =x(z,k,a);
ctg(arctg [l+k(pp+k)}/2]‘ y=z+k-x(z,k,).

Otxe, oTpuMaHO nudepeHIialbHe PIBHSIHHSI
MePIIOro MOPSIIKY:

7)

In HomnoBHumo Bupa3 (17) Bupazom mist y(z, k, o),
=—q

(18)
=-aln

YucaoBuii aHali3 TpaekTopii mepeciigyBaHHS
Ta HOro XapakTepuCTUKHA

¢ P 2 (12) Otxe, nBa piBHsAHHS (18) onucyOTh TpaeKTo-
tg” | arctg m = C] - Z. plIO L: {y = y(_x)} pyXy Karepa U. HaBeﬂeMO rpa-
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¢ik (puc. 1), nodbynoBaHuid LIS BUNAAKY MPOLIECY
nepeciiiyBaHHS, B SIKOMY OOpaHO Taki MapameTpu
pyxy: k=-2 ta a =2. Ha rpadiky (puc. 1) kpuBa
CUHBOTO KOJIbOPY SIBJISIE COOOI0 TPAEKTOPIIO PyXy
Karepa-BTikauya V, a KpuBa 4epBOHOIO KOJbOpPY —
TPa€eKTOpilo pyxy KaTepa-nepeciigysaua U.

(2, k, )

YUz, k o)
-1

N

0 02 04
x(z,k,a)

Puc. 1. I'pachik mpoliecy mepeciinyBaHHsI Karepa-Brikaya V
KaTepom-nepeciigysayem U

Touka miommHu XOY, B sKiil BinOyBa€eThb-
csl 3aTpUMaHHSI KaTepa-BTikaya, Ma€e KOOPAMHATU
(0,431; —-0,863). I'eomerpruHO (DakKT 3aTpUMaHHS
O3Hayae, 110 YepBOHA KpMBa JOTUKAETHCS 10 CU-
Hboi npsimoi. Yac 7, moTpiOHMIT 1isl 3aTpUMaHHS
KaTepa-BTiKaua y Mpolieci rnepeciiiyBaHHsI, CTaHO-
BUTH

70,431 +(-0,863° _ 0,965
v v

O0uMCcIMMO BincTaHb S, Ky IPOXOAUTh Ka-
Tep-TIepeciiiyBay 3a yac IepecyilyBaHHSI:

S=T-u=0,965-0=1,93.

Ha puc. 2 nogaHo xpuBy, sIKa BigoOpaxkae 3a-
JnexHicth BiactaHi x(0, k, o) (MO ropu3oHTabHIl
oci OX) 3aTpuMaHHS KaTepa-BTikaya BiJ BEJIUUYUHU
KyTOBOTO KoedillieHTa k MpsIMOi oro pyxy 3a (ikco-
BaHOro koedillieHTa o. BoHa Mae 4iTko BUpakeHUI
JIOKQJIbHUI MaKCUMYyM, SIKWI BKa3y€e Ha Te, 10 iCHYE
MEeBHUI HEHYJbOBUI KYT HaXWiy MpsMOl pyXy Ka-
Tepa-BTiKaya, SIKMA J1a€ MOMY MOXKJIMBICTb JOCATTU
MaKCUMAaJIbHOTO MEePeMillleHHS Y OiK «IiHil KUTTSI».

OTtxe, crocTepiraeEMo MeBHUM Mapaaokc: Kpu-
Ba Ha pUC. 2 TOKa3ye, 110 CTpaTeTis BMOOpY KyTa
HaxWly NpsMoi, IKUI piBHUI HyIO (TOOTO pyX IO
HAWKOPOTIIOMY BilIpi3Ky, 1110 3’€IHYE ABi MapajiebHi

JIiHii, 1110 OyJi0 OM MPUPOAHO), HE € TPABUJIBHOIO
JUIST BAajJol BTedi. Y 1LbOMY BapiaHTi pO3paxyHKY
(=2, k=-0,393) ue nepeMilleHHSI € TAKHIM:

x(0;-0,393;2) = 0,733.

0.8

0.6

x(0, k,a)0 4

02

Puc. 2. I'pachix 3amexxHocti Biacrani x(0, k, o) 3aTpuMaHHS
KaTepa-BTiKaya Bi BEJIMUMHU KYTOBOTO KoedilieHTa k
MpsiMOi OTO pyxXy

3’sacyemMo moBeaiHky BeauuuHu  x(0, k, o)
3a YMOBHU, KOJIM KOedillieHT o MpsiMye abo 0 He-
CKiHYeHHOCTi, a0o mo ommuHuui. Ha puc. 3 moka-
3aHo rpagik 3anexHocti BenmmyuHu x(0, k, o) Big
KoedilieHTa o 3a (HiKCOBAHOTO 3HAYEHHSI KyTOBOTO
KoediuienTa k=-0,45.

3 MoBeAiHKM KpHUBOiI Ha pUC. 3 BUILIMUBAE,
1110 SIKII0 KOeMillieHT o — o0 (TOOTO IIBUAKICTH Ka-
Tepa-rnepeciiiyBaya 3HaYHO TEePEeBUILYE LIBUIKICTD
Karepa-Brikaua), To BiacrtaHb x(0, k, o), Ha sKil
OCTaHHbOTO OyJie 3aTPUMAaHO, MPSIMYE 10 HYJIS.

VTiMm, gkio o — 1 (TOOTO MIBUAKICTH KaTe-
piB € OJHAKOBOIO), TO 3a3HA4Y€Ha BiICTaHb MPSIMYE
Y HECKiHUEHHICTb, TOOTO 3aTpMMaHHSI Karepa-BTi-
Kada He BigOyHeThCsl.

6
x(0,— 045,0)

4

o

Puc. 3. I'padik 3anexnocti BeauunHu x(0, k, o) Bix KoedimieHTta
o (k= -0,45)
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Tenep poariasgHeMo BIUIUB KoedillieHTa o
Ha BEJUUYMHY KYTOBOro KoedilieHTa k, KWl 3a-
Oe3rneuye MakKCUMaJIbHO MOXJIMBE TMEPEMillleHHS
KaTepa-BTikaya B310BxX oci OX'y OiK «JIiHii XXUTTSI».

Ha puc. 4 300paxeHo BinnoBimHMii rpadik 3a-
JIEXXHOCTI BeMYMHU k = k(o) Bin koedilieHTa o,
KUK MOOYHOBAaHO IJISI THMX KYTOBUX KOe(illi€HTIB
«JIiHii BTedi», sIKi 3a0e3MeYyloTb MaKCUMYMU KpU-
BUX Ha rpagiky Ha puc. 2.

0
///
-02—~
J:
K -04 f
i
-06
-08
0 10 20 30 40
o

Puc. 4. I'padix 3anexxHoCTi BennunHu k = k(o) Bim KoedillieHTa o

SAxuo KoedillieHT o — o, TO KYTOBUM Koedi-
uieHT k — 0, TOOTO HailiKpalua ms BTedi mpsimMa
y UbOMY pa3i HabmmkaeThbest 10 oci OX. 3 piBHSIHHS
(14) 3naiigeMo KyToBMiT KoedillieHT k 3a ymoB z=0
Ta aa > 1: kK — —o.

Otpumani piBHsIHHSL (18) KpuBOI Tiepeciigy-
BaHHS JAIOTh 1Ie OAHY KOPUCHY MOXJIMBICTh: BCTa-
HOBUTH, 3a SKOTO MapaMeTpa o Karep-TnepeciiayBay
U He macTb MOXJIMBOCTI KaTepy-BTikauy V mocsirtu
«JIHIT KUATTST».

Otxe, Hexall k=-0,45, ToOTO KaTtep-BTiKay py-
Xa€ThCS Y3MOBX MpsIMOi y = —0,45x, i «IiHIsS XUTTS»

(y3moBx oci OX). O6uucaIuMO BeJUUMHY Koedilli-
€HTa a, 3a gKoi Katep U 3Moxe 3aTpumaTu BTiKaua
V no mepeTuHy HMM MeXi MiX OBOMa KpaiHaMu.
CdopMysIIoEMO BiIMOBiAHE TPaHCLEHAEHTHE PiB-
HSIHHSI BIIHOCHO KoedillieHTa o

x(0,-0,45,0) = 1.

VY pesyabTaTi 10ro YMCca0BOro pO3B’I3aHHS Jic-
TaHEMO MOTPIOHY BEJIMYMHY CITIBBIZHOILLECHHS IIBU/I-
KocTeil KaTepiB: a ~ 1,714.

BucHoBku

Y po0oTi pO3rISIHYTO KJIaCHMYHY 3agady Iepe-
CJIiTyBaHHS, B SIKilA KaTep-BTiKay PyXa€eThCs MO MO-
XUJiid KpuBiii y = kx. OTpuMaHO PiBHSIHHSI KPUBOI
nepeciigyBaHHs y ImapaMeTpuuHii dopmi. IIpose-
JEHO MOoro 4YMCIOBUI aHadi3, OOCTIIXKEHO BIUIMB
napaMeTpiB o Ta k Ha TMOBEAiHKY KpuBoi. BctaHOB-
JIEHO 3aJieXHicTh 3MiHM Bincrani x(0, k, a) (1o ro-
pu3oHTaJbHIl oci OX) 3aTpuMaHHSI KaTepa-BTiKaua
3aJIeXKHO BiJ BEJIMYMHU KYTOBOro KoedilieHTa k
npsiMoi 1ioro pyxy 3a ¢ikcoBaHOro KoedilieHTa o.
BoHa mae 4iTko BUpaXkeHUi JJOKAIbHUI MaKCUMYM,
SIKMIA BKa3y€e Ha Te, 10 iCHY€ MEBHUI HEHYJIbOBUIA
KYT HaxuJly MpsIMOi pyxy KaTepa-BTikauya, sIKUi Ja€
OMY MOKJIMBICTb TOCSTTH MAaKCUMAaJIbHOTO MepeMi-
LLIEHHS Y OiK «IiHii XUTTSI».

Takum ynHOM, IJISI BAAJIOI BTEYi CTpaTerisi BU-
0opy KyTa HaxuJy TIpsIMOi piBHUM HYJIO (TOOTO pyX
10 HAMKOPOTIIOMY BiIpi3Ky, 110 3’€QHYE MBI Mapa-
JIeJIbHI JIiHil), € HempaBHJIbHOIO.

PesynbTaTu 4MCIOBOro €KCIEepUMEHTY IaloTh
MiacTaBM PEKOMEHIYBATH 3aIllpOIIOHOBAHY MOIE/b
JUIST IPaKTUYHOTO BUKOPUCTAHHS Y TaKUX Tamys3six,
sK JIOTiCTMKA, BOEHHA CIIpaBa, CHOPTHUBHI 3aXOdu
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P.J. Nahin, “Chases and Escapes: The Mathematics of Pursuit and Evasion”, Princeton-New Jersey: Princeton Puzzlers, 2012, 272 p.

F. Behroozi and R. Gagnon, “A computer-assisted study of pursuit in a plane”, Amer. Math. Monthly, pp. 804—812, October 1975.

nepedyBae Ha BiactaHi X, = 1,0 BiI TOUKM cTapTy TOIIIO.
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Viktor Legeza

PARADOXICAL PROPERTIES OF THE LINE OF PURSUIT IN THE PROBLEM OF INTERCEPTING A FUGITIVE ON A
HORIZONTAL PLANE

Background. A new approach to the construction, integration and analysis of the differential equation of the pursuit curve in the
classical problem of intercepting a fugitive on the plane is considered. In the proposed wording, it is new and relevant from a practical point
of view in such areas as transport, logistics, military affairs, sports events, etc.

Objective. The purpose of the work is to determine the optimal angle of inclination of the straight line along which the fugitive should
move in order to get as close as possible to the “life” line before being caught by the pursuer.

Methods. To achieve the goal, classical methods of integrating differential equations in parametric form were used, as well as
graphic and numerical tools provided by the MathCad software package.

Results. The differential equation of the pursuit curve is formulated and its solution in closed parametric form is established. Its
numerical analysis was carried out and the influence of the parameters a (ratio of speeds of the pursuer and the fugitive) and k on the
behaviour of the pursuit curve was investigated. The dependence of the change in the distance x(0, k, a) along the horizontal axis OX at
the moment of apprehension of the fugitive, depending on the magnitude of the angular coefficient k of the straight line of his movement
at a fixed coefficient a, was analysed.

Conclusions. As a result of the research, it was found that if the coefficient a — « (that is, the speed of the pursuer significantly
exceeds the speed of the fugitive), then the distance x(0, k, a) at which the latter will be detained goes to zero. On the other hand, ifa — 1
(that is, the speeds of the boats are equal), then the specified distance goes to infinity, that is, the fugitive will not be apprehended. The
dependence of the change of the distance x(0, k, a) along the horizontal axis OX on the coefficient k has a well-defined local maximum un-
der the condition k # 0, which indicates that there is a certain non-zero angle of inclination of the direct flight, which enables the fugitive to
achieve the maximum movement x(0, k, a) towards the border between the two countries. Thus, we observe a paradoxical phenomenon:
for a successful escape, the strategy of choosing an angle of inclination of a straight line equal to zero (that is, moving along the shortest
segment connecting two parallel lines) is not correct.

Keywords: interception of a fugitive on the flat surface; line of pursuit; chase boat; runaway boat; escape line; life line; speed of
boats; local maximum.
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TIME-UNIT SHIFTING IN 3-PERSON GAMES IN FINITE AND UNCOUNTABLY
INFINITE STAIRCASE-FUNCTION SPACES SOLVED IN PURE STRATEGIES

Background. Games played with staircase-function pure strategies can model discrete-time dynamics of rationalizing
the distribution of some limited resources among players. Along with 2-person games, 3-person games are the most
applicable models of rationalization in economics, ecology, social sciences, politics, government, and sports. There is
a known method of finding an equilibrium in a 3-person game played in staircase-function pure strategy spaces. The
time interval on which the game is defined consists of an integer number of time units. The equilibrium is stacked
from time-unit equilibria. An open problem is a multiplicity of equilibria (on some time units) leading to a multiplicity
of equilibrium stacks. Another open question is how to deal with a 3-person game in which the time interval can be
changed or shifted by an integer number of time units.

Objective. The purpose of the paper is to expand and develop the tractable method of solving 3-person games played
within players’ finite sets of staircase functions for the case when the length of the time interval on which the 3-person
game is defined is varied by an integer number of time units.

Methods. To achieve the said objective, a 3-person game, in which the players’ strategies are staircase functions of time,
is formalized. In such a game, the set of the player’s pure strategies is a continuum of staircase functions. The time can
be thought of as it is discrete due to the time interval is comprised of time units (subintervals). Then the set of possible
values of the player’s pure strategy is discretized so that the player possesses a finite set of staircase functions.

Results. The known method is expanded to build a single pure-strategy equilibrium stack in a discrete-time stair-
case-function 3-person game. The criterion for selecting a single equilibrium solution is to maximize the players’
payoffs sum. In the case of a time-unit shifting, this criterion allows extracting the respective best staircase-function
equilibrium pure strategy of the player in any “narrower” subgame from the player’s best staircase-function equilibrium
pure strategy in the “wider” game.

Conclusions. A tractable and efficient method of finding the best pure-strategy equilibrium in a 3-person game played in
finite or uncountably infinite staircase-function spaces is to solve a succession of time-unit 3-person games, whereupon
their best equilibria are stacked into the best pure-strategy equilibrium. To deal with the case when not every time-unit
3-person game is solved in pure strategies, an effective way is to put a staircase-function game on hold-up on those
time units which do not have pure-strategy equilibria. The result of putting the staircase-function game on hold-ups is
that the player will obtain one’s best staircase-function equilibrium pure strategy with gaps, whichever the time interval
and time-unit shifting are.

Keywords: game theory; payoff functional; 3-person game; staircase-function strategy; trimatrix game; staircase-func-
tion equilibrium pure strategy.

Introduction

In practical tasks, noncooperative 3-person
games are well-posed and easy-to-interpret models
to rationalize the distribution of real-world resourc-
es, funds, energy, facilities, tools, etc. [1, 2]. Along
with 2-person games, 3-person games are the most
applicable models of rationalization in economics

[2, 3], ecology [2, 4, 5], social sciences [6], politics
[7], government |3, 8], sports [8, 9]. Even games in
which players possess just two pure strategies have
a good practical impact. For instance, a problem
of rationalizing industrial wastewater treatment con-
sidered in [4, 5, 10, 11] is solved by using dyadic
3-person games. As industrial enterprises may vi-
olate conventions about water treatment, they are

Ilpono3uuis ana uuryBaHHs uiei crarri: B.B. Pomaniok, “3cyB 3a onMHUISIMU Yacy B irpax Tpbox oci0 y CKiHYEH-
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Haykosi éicmi KITI, No 1, ¢. 15—36, 2025. doi: 10.20535/kpisn.2025.1.321883
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fined. The fines are directed to control water pol-
lution by measuring it and treating wastewater ad-
ditionally, if necessary. However, an enterprise may
reduce or stop its manufacturing under threat of
heavy fines. This results in a budget cut for water
resources conservation and recirculation. The dyadic
3-person game models a process of balancing the
fines. As a result, the balancing allows industrial en-
terprises to keep functioning along with satisfactory
water recovery.

In particular, the dyadic 3-person game solu-
tion in [4] was searched in the form of equilibrium
on a regular finite lattice of situations obtained by
sampling the continuous set of those situations. An
approximate solution was found using concessions in
the equilibrium, where the cost for water treatment
system application was a conventional unit for each
enterprise per a period of time (a day, a week, or a
month). By that solution, the water treatment system
is turned off for 3 periods of 10, and the 2-fine (a
range of the fine for when only two enterprises do
simultaneously not treat wastewater) is optimally set
at 0.34 units, whereas the 3-fine (a range of the fine
for when no one treats wastewater) is set at 1.394
units. Obviously, switching from “clean” to “pollut-
ing” manufacturing and backwards can be controlled
once per those 10 periods under the corresponding
water treatment schedule. In such a schedule, the
enterprise develops one’s metastrategy which, in fact,
appears to be a primitive staircase function of time.

Games played with staircase-function pure
strategies have been recently studied in [12, 13]
and, in a more peculiar way, [14, 15]. Whereas an
ordinary (“classical”) pure strategy of the player is
a simple (point) action whose duration is usually
negligible and represented as just a (time) point, a
staircase-function pure strategy is a complex process
comprising a series of simple actions (moves, de-
cisions, changes, strikes, etc.). The staircase-func-
tion pure strategy is defined on a time interval. The
time interval is broken into a set of time subinter-
vals (units), on which the strategy is (approximately
considered) constant. In fact, a pure staircase-func-
tion strategy can be considered as an ordinary mixed
strategy unfolded over the time interval. A mixed
staircase-function strategy is a far more complicated
case, where at least a unit corresponds to an ordi-
nary mixed strategy. The composition of ordinary
pure and ordinary mixed strategies that a player
has to switch through time units is a model whose
practical implementation requires a definitely great
number of game repetitions [4, 5, 10, 11, 16, 17].

If each of the three players possesses a finite
number of staircase-function pure strategies, the re-

spective 3-person game is finite. The finite 3-per-
son game can be represented as a trimatrix game,
whichever pure strategy form is. If pure strategies
are staircase functions (of time whose duration is
broken into time subintervals or time units), the
respective finite 3-person game can be called the
trimatrix staircase-function game [1, 13]. Clearly,
the number of pure-strategy situations in a trima-
trix staircase-function game grows immensely as the
number of time units (“stair” subintervals) increas-
es, or the number of possible values of the player’s
pure strategy increases, or they both increase [14,
18, 19]. For instance, if the number of time units
is just 4, and the number of possible values of every
player’s pure strategy is 8, then there is a finite set of

8 = 4096

possible pure strategies (i.e., 4-subinterval staircase
functions of time) at this player. The respective tri-
matrix staircase-function game has a size of

4096 x 4096 x 4096,
and so there are
8*.8%.8% =4096-4096 - 4096 = 68 719 476 736

pure-strategy situations (more than 68.7 billion ones)
in this game. If an additional time unit is (somehow)
included, the game size increases dramatically: there
are

8 .8°-8 =32768-32768-32768
=35184 372 088 832

pure-strategy situations (more than 35.1 trillion
ones!) in the respective

trimatrix 32768 x 32768 x 32768 game.

Obviously, solving 3-person games of such gigantic
sizes is intractable, let alone that there is no univer-
sal algorithm for solving any finite 3-person game
played with ordinary (“classical”) pure and mixed
strategies [19, 20]. Solving 3-person games in stair-
case-function pure strategies is always possible, but
it takes too much computational resources even if
there are a few time units.

For the equilibrium solution type, a method of
solving a 3-person game played in staircase-func-
tion pure strategy spaces was presented in [13]. The
spaces can be finite and uncountably infinite (con-
tinuous). The method is based on stacking equilib-
ria of “short” 3-person games, each defined on a
time unit where the pure strategy value is constant.
In the case of finite 3-person games, the stack is
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any interval-wise combination (succession) of the
respective equilibria of the “short” trimatrix games
(including equilibria in mixed strategies). Unlike
the straightforward approach to solving directly
the “long” 3-person game (finite or infinite), the
presented method “breaks” the “long” game into
a succession of “short” games, making thus its solv-
ing tractable. However, an open problem is a multi-
plicity of equilibria (on some time units) leading to
a multiplicity of equilibrium stacks. Another open
question is how to deal with a 3-person game in
which the function-strategy can be redefined on a
changed time interval (e.g., shifted by an integer
number of time units) [21, 22]. For instance, if the
pure staircase-function strategy is indeed considered
as an ordinary mixed strategy unfolded over a time
interval, but the number of game rounds is short-
ened, the time interval should become shorter [13,
16, 18, 23, 24]. Such game-interval modifications
may occur frequently, and respective game solutions
must be found even faster.

Problem statement

Reasoning from the mentioned issues, the ob-
jective is to expand and develop the tractable meth-
od of solving 3-person games played within play-
ers’ finite sets of staircase functions [13, 14] for the
case when the length of the time interval on which
the 3-person game is defined is varied by an integer
number of time units. The solution type is equilibri-
um in staircase-function pure strategies, where it is
presumed that such an equilibrium exists. The case
when the player possesses an uncountably infinite
set (space) of staircase functions is to be considered
as well. To meet the objective, the following eight
tasks are to be fulfilled:

1. To formalize a 3-person game, in which the
players’ strategies are functions (of time) defined
on a time interval. In such a game, the set of the
player’s pure strategies is a continuum of functions.
Such function-strategies are presumed to be bound-
ed and Lebesgue-integrable.

2. To formalize a 3-person game, in which the
players’ strategies are staircase functions defined on
the time interval. In such a game, the set of the
player’s pure strategies is a continuum of staircase
functions (of time). The time can be thought of as
it is discrete due to the time interval is comprised of
time units (subintervals).

3. To discretize the set of possible values of the
player’s pure strategy so that the game played with
staircase-function strategies be defined on a product
of staircase-function finite spaces.

4. To expand and develop the known meth-
od of solving 3-person games (the solution of the
pure-strategy equilibrium type) played in stair-
case-function finite and uncountably infinite spaces
by considering a possibility of narrowing the time
interval on which the 3-person game is defined. In
addition, a method of selecting a single pure-strate-
gy equilibrium should be suggested.

5. To suggest a way of solution when not every
“short” 3-person game is solved in pure strategies.

6. To give an example of how the suggested
method is applied.

7. To discuss practical applicability and scien-
tific significance of the method for the game theory
and operations research.

8. To make an unbiased conclusion on the
contribution to the game theory field. An outlook
of how the study might be further developed is to be
made as well.

3-person game played with pure strategies as
functions of time

In a 3-person game, in which the player’s pure
strategy is a function of time, each of the players
uses time-varying strategies defined almost every-
where on interval [7; t,] by #, > ;. Pure strategies
of the first, second, and third players denoted by
x(7), (1), and z(f), respectively, are presumed to be
bounded. Besides, the square of the function-strate-
gy is presumed to be Lebesgue-integrable [25]. Thus,
pure strategies of the player belong to a rectangular
functional space of functions of time:

X ={x(1),1€[t;1,],

Z‘l < t2 : amingx(t)gamax
by amin<amax}CL2 [t17t2] (1)
and
Y ={y(), t e[t t,], 1< 1, b < Y(1)< by,
by bmin < bmax} = L2 [tl’ t2] (2)
and
Z ={z(1), 1 €[t 0,), 1< 1y €y U <y
bY Coin < Cox ) © Lo [15 1, ] 3)

are the sets (sometimes referred to as action spaces)
of the players’ pure strategies.
The player’s payoff in situation

{x(1), (1), 2(1)} 4)
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is presumed to be an integral functional [12, 13, 14,
15, 25]. Thus, the first, second, and third players’
payoffs in situation (4) are

of uncountably infinite rectangular functional spaces
(1)—(3) of players’ pure strategies. An example of a
situation in 3-person game (11) is given in Fig. 1.
There are no restrictions to the strategy form the

F(x(1), y(t), (1)) players can use. In the example, the first player uses
= J £ (x(@), y(2), 2(2), 1) du(), (5) 2 sinusoidal strategy with an exponential growth,
[1:6] the second player uses a curvilinear strategy, and
the third player uses a close-to-straight ascending
G (x(1), ¥(1), 2(1)) line strategy. Each of sets (1)—(3) is a continuum
of functions including a subset of staircase functions
- j g (x(0), (1), 2(1), 1) du(1), (6) (this subset is a continuum as well).
[4:%] In general, the player’s payoff functional may
have a terminal component. Thus, instead of (5)—(7),
H (x(1), y(0), 2(1)) the players’ payoffs in situation (4) may be calcu-
= j h(x(1), y(1), 2(t), 1) du(?), (7) lated as
[ll;fz]
F(x(1), y(0), 2(1))
respectively, where
pectivey = [ £(x), y(@), 2(0), 1) dp(o)
S (x(®), y(1), 2(1), 1), ®) [1: 2]
+T, (x(t)), y(1,), 2(t,), 1,), (13)
g(x@), y(1), 2(1), 1), )
H(x(0), 3600, 200 10) G (x(1), (1), (1))
x(1), y(1), z(t), t
(xte). ¥ ) = [ &(x@), y@), 2(0), 1)dp(r)
are functions of x(7), y(7), z(f), explicitly including [1: 2]
time . Therefore, a 3-person game +T, (x(1,), ¥(1), 2(1,), 1,), (14)
G(x(1), y(1), (1)), H(x(1), y(1), z(t))}) (11) = [ h(x@), y(0), 2(0), 1) dp(®)
[150]
is uncountably infinite due to it is defined on product AT, (x(1), ¥(t), 2(8,). 1,) (15)
X xY xZ cL,[t; 4,]xL, [t; ,]xL, [t; 1,] (12)
x(1) y(1) z(r)
amax ‘ bl ‘ c ,‘
Dy
b
amin [ cmi
2 7 2 2 2 5

Fig. 1. A situation (4) in 3-person game (11) played in uncountably infinite functional spaces (1)—(3)
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by some terminal functions [26]

T, (x(1), y(1,), 2(1,), 1,), (16)
T, (x(1,), y(1,), 2(1,), 1,), (17)
T, (x(1,), (1), 2(1,), 1,), (18)

depending on only the final state of the player’s
strategy, but this case is not to be considered here.

3-person game played with staircase-function
strategies through discrete time

Presume that the players’ pure strategies in
game (11) can change their values only a finite num-
ber of times. Denote by N the number of time units
(subintervals) at which the player’s pure strategy is
constant, where N e N\ {1}. Then the player’s pure
strategy is a staircase function having at most N dif-
ferent values. Let there be a time-interval breaking

O={f=1"<t®<@®<...

<tV <™ =1, (19)
where {t”}"' are time points at which the stair-
case-function strategy can change its value. Generally
speaking, time-interval breaking (19) is not equidis-
tant, although in most practical cases it is equidis-
tant, i.e.

@ 2EhTh Gy L TN 0

The staircase-function strategies are right-continu-
ous [12, 13, 14, 15, 25]:

lilgqx(r(” +e)=x(19), (21)
£—0
lirgly(r([) +e)= y(t(i)), (22)
£—0
lim ¢ (1" +¢) = z(?) (23)

e>0

for i=1, N -1, whereas (if the strategy value
changes)

ljr(}’lx(r(i) —g) = x(¢?), (24)
e—0
limy(z? —¢) 2 y(z?), (25)

>0
e—-0

limz (49 —) # 29 26)

e>0

for i =1, N —1. In the end time point, obviously,

Ligglx(r(N) —g)= x(r(N)), (27)
£>0
lgi>rony(r(N) —g)=y(™), (28)
e>0
limz (1" —¢) = z(«"). (29)
550

A 3-person game played with staircase-function
strategies through discrete time can be defined by
using (1)—(12), (19)—(29).

Definition 1. 3-person game (11) defined on
product (12) of rectangular functional spaces (1)—(3)
is called a discrete-time staircase-function 3-person
game by time-interval breaking (19), if (21)—(29)
hold and

x(t) = o; €[ oy |5

V(1) = B; € [buin’ by ]
2(t) =7, € [Coins Coax | V1 € [r“’”; t(”)
fori=1, N-1and x(t)=a, [a
() =By € [buin’ b |5
A1) = vy €[Cn Cuu] VI[N AM ], (30)

a

min ? max]’

where the factual payoff of the first player in situ-
ation

A 31)
is
F(oy, B;sv,)
= .[ f(a’i’Bi’ Y,-,f)du(f)
[t(ifl); r(i))
Vi=1, N-1 (32)
and
Fy(oy, Bysvw)
- ,[ Sy, By, vy, Ddp(), (33)

[r‘”"’; I<N>J

the factual payoff of the second player in situation
(31) is
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= I g(("i’ Bn Y,-,f)du(f)

[r“’“; t(i))

Vi=1, N-1 (34)
and
GN(aNs BN’ YN)
- j glay, By, v, A1), (35)

[I(N—D; r‘N’J

the factual payoff of the third player in situation
Bl)is
Hi(aii Bi’ yl)
= j h(a[: B[a Yis t)dH(t)

[T(ifl); T(i))

Vi=1, N-1 (36)
and
Hy (o, Bysvy)
= [ hay, By, vy, Ddu@.  (37)

[T(N—D;T(N)J

Situation (4) in the discrete-time staircase-function
3-person game is a stack of successive situations

(C A (38)
in a succession of N (ordinary) 3-person games
({l@in G ] i B ] [Cins Con 1}
{0 By 15 Gy(as Bro )y Ho(, By 1)}
for i=1, N (39)
defined on product
[@min’ e 1% [Brins D ] [€ins €] (40)

by (30)—(37). Stacks {o,},, B}, {y,}7, are called
staircase-function pure strategies of the respective
players.

According to Definition 1, let a discrete-time

staircase-function 3-person game by time-interval
breaking (19) be denoted by

({X(©), Y(0), Z(®)},
{F (x(0), y(1), 2(1)), G (x(2), (1), 2(1)),

H (x(), y(0), 20))}) (41)

with the players’ pure strategy sets
X(©) = {x(1) e X ([t ,]) : x(t) = a,
€ [ Qe | VT € [r("'); r(i))
fori=1, N-1 and x(¢) = a,
€ [ Qe | VT € [t(N"); ‘C(N):|}

c X (It; 1)) (42)

and

Y(©) = {3 e Y ([1:1,]): 9(0) =B,
€ [bmin; bmax] Vte [T(H); T(i))

fori=1, N-1 and y(t)=,
e[b ) ]Vte[r(N’”;r(N)J}

min > “max

<Y ([1: 1)) (43)

and

Z(0) = {Z(t) € Z([tl; tz]) 1zt =,
S [cmm; cmax] Vite [T(H); r(i))
fori=1, N-1 and z(r) =1y,
€ [Cmm; cmax] Vite [I(N’”; T(N):l}
< Z([1:1,]).

Obviously, discrete-time staircase-function 3-person
game (41) is uncountably infinite as each of sets
(42)—(44) contains a continuum of function-strate-
gies. An example of situation (4) in a discrete-time

staircase-function 3-person game played through 28
time units (subintervals) is given in Fig. 2, where

(44)

RN Sl BV T

28

T

The exemplified pure-strategy situation of three
staircase functions can be also represented as a stack
of 28 successive situations

oy, By Yi}}fjl

of 28 ordinary 3-person games (39), where each or-
dinary pure-strategy situation
(o, B,,7,} for i=1,27

corresponds to a time unit (subinterval) [r“’” ; r“))
and ordinary pure-strategy situation
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x(1) () z()
max b Chax
max [
byin 1
gt Conin |
4 6) 8 (W) (|) H-’U ﬂf") ‘(IK" ‘[Zl)‘) 1’2" ‘[Z-’“) ‘[Z(“) - - Z) 4) l() (R) “0) ‘(|Z‘) ‘(\4‘) ‘“6‘) ‘(|X‘) ‘(Zﬂ‘) ‘(Z") “24‘) “26‘) - — l‘" ‘14‘ ‘M‘ ‘X)‘ ‘HU‘) ‘“Z; l|4‘) h(‘) l”‘) l"U‘D ‘(2"‘) lZ-/“) lZ(‘) 3
t, ‘r”‘r”‘r"‘r”t FaRR 119 022200 t t‘ t“r 1 T 00 (0B D 00 t 1P O O 100D 0D 009 L0020 C0

Fig. 2. A situation (4) in discrete-time staircase-function 3-person game (41), where the strategies are “digitized” versions of those
strategies in Fig. 1; the game is played in uncountably 1nﬁn1te functional spaces (42)—(44); the exemplified pure-strategy sit-

uation is a stack of 28 successive situations {{o,, B;, v, }}

{azxa Bas> st}

corresponds to a time unit (subinterval)

[1(27); 1(28):| _ [1(27); tz:'-

Time-interval breaking (19) allows considering
payoffs (5)—(7) in situation (4) equivalent to the sum
of respective payoffs (32)—(37). The proof is built
by an analogy to that in [14]. Another way to prove
(based on 2-person games) can be found in [12].

Theorem 1. In a pure-strategy situation (4) of
discrete-time staircase-function 3-person game (41),
payoff functionals (5)—(7) are re-written as time-
unit-wise sums

(X(t) ), Z(t) :Z an ,,'Y

i=l1
-1

= j f(aivﬁzvyf’t)du(t)

g [j (N,; f)(aN, By tys )R (45)
and |

G (1), 500, ) = 3G, (0. B 1)

- Nll[ m)g(a,-, B, v,, 7)du(r)

| ’g(aN,BN,vN,t)er) (46)

[T‘N’”;r“‘”}

and

H(x(0), 3(0), <)) = 3 H, (0, B, 7,)
3
i=1 I:(lfl);.[(f))

- .[ h(aN’BNa Y}v;t)dl.l(t),

[T(N—I);T(N)]

h(o, By y;s t)dult)

(47)

where situation (4) is a stack of successive situations
(38) in a succession of N 3-person games (39).
Proof. Time interval [#; #,] can be re-written as

[1:0]= {NUI[TM; T“) )} U[¥ e ™ ] 48)

Therefore, the property of countable additivity of
the Lebesgue integral can be used:

F(x(1), y(0), 2(0))
[ F(x@), y0), 2(1), 1)du(r)

[151]
- j
Ut eoupenoie

N-1

I (x(0), y(1), z(1), t)du(r)

[ F(x@), y(), (1), 1)du(r)
i=1 [tufn; r(i))
[ (@), y@), 2(0), 1) dud).
[I(N’”;r(m}

(49)
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Owing to (30), x(#) = o, and y(f) =B, and z(¥) =v,,
so (49) is simplified as

N-1

[ 7 (x@), y(0), 20), 1)du()
i=1 [[(H); t(i))

+ | S,y 2(0), 1)du()
[(N—l), (N)]

N-1

z J- f(ai’Bi’ Yi’t)du(t)
i=1 [(;—1);1([))

* .[ f(aN’BNs VN:t)dH(I)
[tw—l). (N)J

N

F; al’ IS’Y (50)
i=1

Consequently, in discrete-time staircase-function
3-person game (41), time-unit-wise sum (45) holds
in any pure-strategy situation (4) consisting of stair-
case-function strategies

x(1) e X(®), y()eY(®), z(t)e Z(O).
Obviously, time-unit-wise sums (46) and (47) are
proved similarly to (48)—(50). [

Theorem 1 provides a fundamental decompo-
sition of the discrete-time staircase-function 3-per-
son game based on the time-unit-wise summing in
(45)—(47), regardless of whether the player’s action
space is finite or not. Although Theorem 1 itself does
not provide a method of solving the game, it hints
about how the game might be solved in a far easi-
er way [12, 13, 14]. The time-unit-wise decomposi-
tion allows us to try finding an ordinary pure-strategy
equilibrium in each game (39) separately, whereupon
these equilibria are stitched (stacked) together [13].
Nevertheless, even a finite game (39) may not have
an equilibrium in pure strategies, let alone the case
when game (39) is infinite. So, in further investiga-
tion, it is presumed that every time-unit game (39)
has a pure-strategy equilibrium.

A presumption about discrete-time stair-
case-function 3-person game (41) has an equilib-
rium in staircase-function pure strategies (i.e., this
equilibrium is a triple of staircase functions) is equiv-
alent to the presumption of that every time-unit
game (39) has a pure-strategy equilibrium (which is
a stack of time-unit equilibria). If this pure-strate-
gy equilibrium stack is single, then every time-unit
game (39) has a single pure-strategy equilibrium and
vice versa [13].

Trimatrix staircase-function game

In a discrete-time staircase-function 3-person
game (41), let the set of possible values of every player
be finite. This can be done, e.g., by forcing the player
to act within a finite subset of possible values of its
pure strategies. Formally, the player’s pure strategy
set is discretized (sampled). The first player’s set of
possible values of its pure strategies is discretized as
=a" <a" <a? <.

min

A:{a

<a"V<a™ =a, } (51)

and the second player’s set of possible values of its
pure strategies is discretized as
B={b,=b" <b” <b? <.

<b®P <p® =b,.|

max

(32)

and the third player’s set of possible values of its
pure strategies is discretized as

C= {c
<P <™

= <V <c? <.
= cmax}

by M eN and Qe N and § e N, where

min

(33)

a" " =a"" vi=1, N for m=1, M +1 (54)
and
bV =pV vi= LN for ¢g=1,0+1 (55)
and
V=D vi=1,N for s=1,S+1L (56)

This means that along with the discrete time units
(subintervals), the players are forced (somehow) to
act within finite subsets of possible values of their
pure strategies

A={a"" (57)

and
{b(q 1)}5*}' (38)

and
C = {cts) 59
G (59)

Discretizations (51)—(56) allow defining a finite dis-
crete-time staircase-function 3-person game, which
is a trimatrix staircase-function game.
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Definition 2. Discrete-time staircase-function
3-person game (41) is called a trimatrix staircase-func-
tion game if it is played on a product of finite subsets

X (0, A)
_ {x(t) e X(®): x(f) e {a(m—])}Mﬂ}

c X©) < X([1:1,]) (60)

and

Y(®, B) = {y(t) e ¥Y(©):y(n) e {b“””}f:}

cY(@©) Y ([h:1)]) (61)

and

Z(0,C) = {z(t) € Z(©):z2(t) e {C“‘”}f:}

cZ©) < Z([1: 1)) (62)
of sets (42)—(44). The trimatrix staircase-function
game is denoted by

({X(®, 4),Y(0, B), Z(©, C)},
{F(x(0), y(1), 2(1)), G (x(1), y(1), 2(1)),
H (x(0), y(0), 20))})

by sets (42)—(44).

An example of finite sets (60)—(62) of stair-
case-function pure strategies in a trimatrix stair-
case-function game is presented in Fig. 3. The players
can change their pure strategy value at most twice.
Even such a pretty hard restriction grants 64 pure stra-
tegies to the first player, 27 pure strategies to the sec-
ond player, and 125 pure strategies to the third player.

Obviously, the exemplified trimatrix stair-
case-function game can be “broken” into a succes-
sion of three ordinary trimatrix 4 x3x 5 games, each
related to its time unit (of those three units). In [13],
such ordinary games were called “short”. In general,
“breaking” trimatrix staircase-function game (63)
into a succession of “short” games can be defined
as follows.

Definition 3. Trimatrix staircase-function game
(63) is a succession of N trimatrix games can be
defined as follows.

<{{a(m7|)}:’:"ll ’ {b(q—l)}q(-):ll , {C(S*‘)}:l}’ {F., G, H,}‘>

for i=1, N (64)

(63)

with the first player’s payoff matrices

F = [(pfmqs :I(M+1)><(Q+I)X(S+l) (65)
whose elements are
Ouge = | S (a7, 6, O 1) du(r)
[7:<7)
for i=1, N-1 (66)
and
Ormgs = [(a™™, 6, ¢ 1) du(), (67)

[T(Nfl); .[(N)]

with the second player’s payoff matrices

G: = [Puns Jirerpigennsao (68)
whose elements are
Pings = [TM.[ Tm)g(a(’””, b b t)dp(t)
for i=1, N-1 (69)
and
P Nimgs = g(a(’"’”, b, b, t)du(t), (70)

[T(Nfl); T(N):I

and with the third player’s payoff matrices

H, = [0 ]y 1y0uisn (7n
whose elements are
s = h(a"""’, b, b, l‘)du(t)
for i=1, N-1 (72)
and
O gy = h(a™ ", 6, ¢, 1)du(r). (73)

[T(N—l);t(N)}

Situation (4) in the trimatrix staircase-function game
is a stack of successive situations
N
{{a;m—l)’ bi(q—l), c;m)}} (74)
i=l1
in the succession of N trimatrix games (64) by
(54)—(56).
According to Definition 3, the assertion of

Theorem 1 for trimatrix staircase-function game
(63) can be re-written as
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X(©,4) by A:{a(o),a“),a(z),a(z)} Z(0,C) by C={c(o),c(l),c(z),cm,c(4)}
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Fig. 3. An example of finite sets (60)—(62) of staircase-function pure strategies in a trimatrix staircase-function game played with
3-time-unit staircase functions of time, where the first, second, and third players have four, three, and five possible values of
their pure strategies, respectively
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F(x(0), y(0), 20)) = 2 @ings

-1

-5

i=1 [T(H); T(i))

+ [ f(am e, O ) du@),  (75)

[T(N l);T(N)]

£(@"™, 69, ¢4, 1) d(r)

G(X(t), y(t), Z(t)) = Zpimqs

N-1
- I g(a(’”’”, b, e, t)du(t)
i=l1 [1“’[);1("))
+ I g(a('ml), b(qil)a c(kl)a t)dl,l(t), (76)
[,((N l);T(N)]
N
H(x(t)a y(t)a Z(t)) = Zeimqs
i=l1
-1
=> [ A(a" B, Y h)du)
i=l1 [1“’[);1('))
+ [ k(@ B, O 1) du(). (77)
[r(N l);T(N)]

It is worth remembering that, owing to (54)—(56),
the first player’s payoff in situation

fam D, B, o) (78)
is (66), (67), the second player’s payoff in situation
(78) is (69), (70), and the third player’s payoff in
situation (78) is (72), (73).

Pure-strategy equilibrium stack

In most practical problems, if time-unit game
(39) is solved in pure strategies, there often are
multiple equilibria (or even a continuum of equi-
libria). So, as it is presumed that every time-unit
game (39) has at least a pure-strategy equilibrium,
then some time-unit games may have multiple
pure-strategy equilibria. The question is how to se-
lect a single equilibrium. To do this, the criterion
of maximizing the sum of players’ payoffs is used
[12, 14, 18, 19, 23].

Theorem 2. If

{of, B, 71} (79)

is an_equilibrium situation in 3-person game (39),
i=1, N, and maximum

max*}{F,- (0. B, 7;)

o, Bisvi
+G, (0‘?! :’ Y?)"' H, (0(?, Bj’ Yj)}
=F (aj*’ BT*’ Yf*)+ G, (0':*9 Bj*’ Yr*)

+H, (o B 7)) (80)
is reached at an equilibrium situation
{o) 3,7 (81)

in this game for i =1, NV, then the maximum of the
players’ payoffs sum in a pure-strategy equilibrium
stack of discrete-time staircase-function 3-person
game (41) is reached at a stack

(o B0 (82)
and this maximum is
N
= Y[ F (e B
+ G (o) B0 )+ H (o B 1) ] (83)

Proof. As (81) is an equilibrium in game (39),
then stack (82), owing to Theorem 4 in [13], is an
equilibrium in staircase-function pure strategies in
game (41). Owing to Theorem 1, the first, second, and
third players’ payoffs in equilibrium stack (82) are

Wy = F (" B, (84)
i=1
*%k N *k *k ok
viv = 2.6 (o B ), (85)
i=1
W:?V = iH: (OL;*, B;*a Yj* )s (86)
i=l1
respectively. Then
e = (0 B)
SYG (o By ) Y H, (0 B )
i=1 i=1
N
=2 LA a8 )
Gy (o] By )+ H (o B, 7]
N
= ,Z:;‘{afnﬁ?)i,}{li (ai’ Bis Yi)
+G (o), Brv) )+ H (o, By )} (8)

where (87) is the sum of all N maxima (80). [
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Theorem 2 suggests a method to select the
best pure-strategy equilibrium stack. Clearly, the
method is correct for both discrete-time stair-
case-function 3-person game (41) and trimatrix
staircase-function game (63). Consider now the
case when a discrete-time staircase-function 3-per-
son game is played through a lesser number of time
units. Thus, instead of time-interval breaking (19),
the game is played by a narrower time-interval
breaking

0. = {tlérl =1 <™ < gD o

<UD <« ¥ = 12<t2},

(88)
where

ne{o, N—l}, Ue{l, N}, n<U, (89)
and {r“’}:il are time points at which the stair-
case-function strategy can change its value. So,
®. c ® in terms of the interval breaking.

Theorem 3. If (79) is an equilibrium situation in
3-person game (39), i=n+1,U by (89), and max-
imum (80) is reached at an equilibrium situation
(81) in this game for i =n+1, U, then the maxi-
mum of the players’ payoffs sum in a pure-strategy
equilibrium stack of discrete-time staircase-function
3-person game

({X(©.),Y(©.), Z(0.)},
{F(x(0), y(0), 2(0)), G (x(1), y(t), 2(1)),
H (x(2), y(0), 2(0))}

by time-interval breaking (88) is reached at a stack

(90)

flor B0, o
and this maximum is
U
DPENLICA S
G (o, By )+ Ho (o) B 7)) 92)

Proof. As (81) is an equilibrium in game (39),
then stack (91), owing to Theorem 4 in [13], is an
equilibrium in staircase-function pure strategies in
game (90). Owing to Theorem 1, whose assertion
remains correct for game (90) by only changing the
time interval endpoints to 1, = t” and 1, = 1, the
first, second, and third players’ payoffs in equilibri-
um stack (91) are

Wy = Y F (o B ), (93)
i=n+1
kK U *% *% *%
Vv = Z Gi (ai ) Bi > i )’ (94)
i=n+l
W:il,U = i Hi (OL:*, B:*’ Yj* )’ (95)
i=n+l
respectively. Then
”Zl,l/ + V:il,z/ + W:il,z/
= ilE (a:‘ﬁ*s Bj*ﬂ Y:*)"' i Gi ((lj*, Bj*s Y:*)
i=n+ i=n+l1
W AT
i=n+l
U
= ‘ZI[E (0 B 7 )+ G (o, B s 7 )
B o )]
-3 max {F (o B+ G, (5 )
i=n+11\%i> PisYi
+H, (0, B, 7; )} (96)

where (96) is the sum of all U- » maxima (80). [
It is quite obvious that

(o8} e flor Bl

regardless of whether it is a discrete-time stair-
case-function 3-person game (41) or a trimatrix
staircase-function game (63). That is, the best
pure-strategy equilibrium stack (82) in a “wider”
game contains the best pure-strategy equilibrium
stack (91) in a “narrower” game. Therefore, Theo-
rem 3 along with Theorem 4 in [13] imply that the
time-unit shifting does not change the structure and
number of pure-strategy equilibria (it can be also a
continuum on a time unit) in a discrete-time stair-
case-function 3-person game, nor does it change the
structure of the best pure-strategy equilibrium stack
determined by the maximum of the players’ payoffs
sum. In fact, game (90) is a subgame of discrete-time
staircase-function 3-person game (41). A pure-stra-
tegy equilibrium solution of the subgame can be eas-
ily taken from the respective pure-strategy equilibri-
um solution (if it exists) of “wider” game (41). The
best pure-strategy equilibrium stack consists of the
same pure-strategy equilibria being the best for the
given time units (on which the respective “short”

97)
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3-person games are played), whichever time interval
encloses those time units.

When not every “short” 3-person game is solved
in pure strategies

It is likely that, as the number of successive
time units increases, there may appear at least one
“short” 3-person game without any pure-strategy
equilibria. So, if mixed-strategy solutions are un-
acceptable, then what to do in this case? Are the
proved assertions and the method of selecting a sin-
gle pure-strategy equilibrium still relevant then?

In fact, the existence or non-existence of
pure-strategy equilibria in a time-unit 3-person
game does not depend on any other time-unit
game, nor does it influence the others. Therefore,
an equilibrium on a time unit would not influence
the equilibrium stack if the time unit was deleted
(canceled, annulled, etc.). Consequently, it is suffi-
cient to put the “wider” game on hold-up on those
time units which do not have pure-strategy equilib-
ria. In practice, it is closely equivalent to hold on
while certain changes are done in the system. On
the other hand, hold-ups are equivalent to nonwork-
ing days, although the latter are mostly distributed
regularly (say, on weekends and holidays). Anyway,
the hold-up is almost always possible to incorporate.
Then time units without pure-strategy-equilibrium
are just like to “disappear”, and “wider” game (41)
is solved, by this condition, as a pure-strategy equi-
librium stack.

Examples of 3-person games solved in stair-
case-function pure strategies

Consider a finite 3-person game, in which
players’ payoff functionals (5)—(7) are

F(x(1), y(t), 2(1))

- | cos(O.Sxyzt—%je‘o'oo'”’du(t), (98)
[1:8]
G (x(1), ¥(1), 2(1))
= sin(0.6xyzt+g]du(t), (99)
[1:8]
H (x(1), y(1), 2(1))
- j sin(0.9xyzt—%jdu(t), (100)
[1:8]

discretizations (51)—(53) are such that finite subsets
(57)—(59) are

A={a") ={0.5+0.5m)  <[1;5], (101)

B={p"} ={68+0.2g)" <[7:9], (102)

C={c*) =(3.9+0.1s) < [4:4.8], (103)

1

and the players are allowed to change their pure
strategy values only at time points (the time-interval
breaking is equidistant)

{T(i)}?:l = {1-41r + O-ITEi}?:l (104)

by ¢, =1.4n, t, =2.4n

This finite 3-person game is a trimatrix stair-
case-function game being a succession of 10 trima-
trix games

({0.5+0.5mp . {6.8+0.24})),

(3.9+0.1s)_}. {F. G, Hl.}> (105)

with the first player’s payoff 9x11x9 matrices (65)
E =[O |y (1006)
whose elements (66) and (67) are
Pimgs

= j cos(O.8~(O.5+0.5m)
)

[1.3n+04lni; 1.47+0.17i

x(6.8+0.2¢)(3.9 +0.15)7 - gj

y e—O.OOl-(6A8+0A2q)(3A9+0Als)tdu(t)

for i=1,9 (107)

and

(PIqus =

| cos(o.s -(0.5+0.5m)

[2.37; 2.4x]

x(6.8+0.2¢)(3.9+0.1s)7 - %)

« e—O.OO1~(648+0,2q)(3,9+0.ls)tdu(t)’ (108)

with the second player’s payoff 9 x11x 9 matrices (68)
Gf = [pfqu]9x11x9 (109)



28 KPI Science News

2025/ 1

whose elements (69) and (70) are
pimqs

- _[ sin (0.6~(O.5+0.5m)
)

[l.3n+0Alni; 1.47+0.1mi

x(6.8+0.24)(3.9+0.1s) 7 + gj du(7)

for i=1,9 (110)

and

plqus =

j sin [0.6 -(0.5+0.5m)

[2.37[; 2.47[}

x(6.8+0.2¢)(3.9+0.15)7 +gjd;,t(t), (111)

with the third player’s payoff 9x11x9 matrices (71)

H =6, ., (112)
whose elements (72) and (73) are
eimqs
= | sin(0.9 -(0.5+0.5m)
[1.37+0.1mi; 1.47+0.17i)
x(6.8+0.29)(3.9+0.15)7 —gjdu(t),
for i=19 (113)
and
i xoo ¥

7.6

7.4

7.2

0 sin(0.9 -(0.5+0.5m)

10mgs =
[231‘[; 2441(]

x(6.8+0.29)(3.9 +0.1s)7 - gj du(r).  (114)

Each of the 10 trimatrix games (105) by
(106)—(114) is solved in pure strategies. The num-
bers of pure-strategy equilibria on time units

{137+ 0.1i; Ldm+ 0.1mi)}) | [23m 2.4x]f (1)

are 1,2, 1, 1, 1, 1, 3, 1, 1, 1, respectively. The best
pure-strategy equilibrium stack

flar o)) =fla o)
= (X", 5" (). 5" )
by

' cA={05+05m) . b cB={68+02q)"

9
m=1"> i

¢'eC={39+0.1s}

1 b

at which the maximum of the players’ payoffs sum
Piyo by (83) is reached, is presented in Fig. 4, where
the equilibria on time units

[1.57; 1.6n), [2m;2.1n), (116)

which do not contribute to the maximum, are shown
with square-dotted line. Note that the first player’s
equilibrium strategies @, =2.5 and a, =2.5 not

.
z, ()
4.8
4.7
4.6
4.5
4.4
uuuuuu
4.3
4.2

uuuuuu

4.1

An 1.5n 1.6n 1.77 187 191 2rn 2.1n 2.2n 2.3n 2.4xn

A4n 1.5n 1.6n 1.7n 1.8n 197 2n 2.1n 221 231 2.4n

An 1.5n 1.6n 1.7n 1.8n 191 2rn 2.1n 2.2n 2.3n 2.4xn

Fig. 4. The best pure-strategy equilibrium situation (as the triple of the best staircase-function pure strategy for every player) in the
trimatrix staircase-function game being a succession of the 10 trimatrix games (105) by (106)—(114)
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contributing to the maximum on time units (116) are distributed. The best time-unit payoffs
within the respective equilibrium situations

and

just overlap (coincide) with themselves within the

F(d",b",c"), 118
lay, b, ¢} ={2.5,7.8,4.1) (@ ) (e
G(a 0", ¢"), (119)
{a;, b, ¢;} ={2.5,7.8,4.1} H,(a" 5", c") (120)

best equilibrium situations

(@, b, ¢} ={25,8, 4

and

on

in every possible equilibrium situation

{a/, b, ¢} for i

0.06

0.05

0.04

0.03

0.02

0.01

Fig. 5. Payoffs at the end of every time unit in every possible F

in every best equilibrium situation

{a",b",¢"} for i=1,10 (121)

1

are highlighted with squares.
Fig. 6 shows how players’ payoffs

(@, b7, ¢} ={25,8, 4}

(116).

P27 i

U, = ZF(a b,c;) for k=1,10, (122)

Fig. 5 shows how players’ payoffs

F(a/,b,c) (shown as asterisks),

k
v;k:;G(a,,b,,c,) for k=1,10, (123)

G, (a b,c ) (shown as circles),

i Yo

H,(a],b,¢]) (shown as diamonds)

()

o

wlk_ZH(a b,c') for k=110, (124)

i YT

and their best payoffs (highlighted with squares)
1,_10 (117) u;‘;, V:;: Wl*; for k:m (125)

0.29 )
0.28

0.27 ¢ ¢
0.26
0.25
0.24
0.23
0.22
0.21 (]

9
= 0.19

- 0.18 % o *
0.17

0.16 ©l o
0.15 7Y 2
© 0.14 o
0.13
0.12 *
0.11
a 0.1 ©l =
0.09
© 0.08 (@
<o 007} s
0.06
0.05
0.04

* 0.03} [0

B
*

(@]
1=
B
[

T5n 16n 1./n 187 19xn

equilibrium situation (117)

2n

2in 22n 231 ZA4n 158 T6rn L7n 18rn 19r  2rn  2in 22r 231 Z2A4n

. 6. Cumulative payoffs (122)—(124) and best cumulative
payoffs (125) at the end of every time unit

&
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by (84)—(86) develop as the time progresses. In fact, are the resulting payoffs after the end of the trima-

payofts (122)—(125) are cumulative: trix staircase-function game, and
I,[’F = F a*’ b*’ c* 5 v* = G a*, b*’ c* , *% 10 ExS ExS *% % 10 *k sk o
11 1(1 | 1) 11 1(1 I 1) ”1,10=2Fi(ai’bi’ci ), vl’m:ZGl_(ai,bl_,ci ),
* * * * *k *x *x *x i=1 i=1
wy, = H, (a19b1’c1)’ u, :E(al b )s 0
. e . W= H (a6 e
v, =G (al AN )s wy, = H, (al AN ) ho ; ( )
are the payoffs after the first time-unit game, are the eventual (best) players’ payoffs in the trima-

trix staircase-function game being a succession of

U, = IZO:F (aj*’ b, c )’ Vi = IZO“G. (af“, b, c ), the 10 trimatrix games (105) by (106)—(114).
' pr ' pr Fig. 7 shows how the sum of players’ payoffs

10 % * # *
Wi = 2 H,(a, b, ¢]) P =tV +w, for k=110 (126)
i=1

07Ar 0.74F
0.72F

0.71

N 0.73-
0.68]-

0.67-

601 0.72]-
0.64 +

0.63 -

ez 071~
0.6 -

%

057 | 0.7
0.56 |

0.55 |

9240 0.69-
052

051

W 0.681-
0.48 |

0.47 |

der 067
0.44 +

0.43]-

i 0.66 -
0.4

039}

03! 0ss!
0.36 -

i

9330 0.64
0.32 -

il

oSar 063
0.28

ol

026r 0.62
0.24 |

0.21 061
0.2 -

i

017 F 0.6
016 F

015 |

014} r r r r r r r r r r 0.59%= i . ;

157 16rn 17n 18r 197 2rn 21rn 22n 23n 24n 227 2.3n 24n

Fig. 7. Cumulative payoff sums (126) and (127) at the end of every time unit
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and the best sum of players’ payoffs (highlighted
with thicker line and squares)

Py = Ui +vi +w, for k=110 (127)
develop as the time progresses. Due to there are six
pure-strategy equilibrium stacks, there are six polylines
(126), among which polyline (127) is the best (the
factual payoffs sum maximum is clearly seen).

According to Theorem 3, Fig. 4 contains the
best equilibrium stack in the exemplified stair-
case-function game defined on any subset of time
units (115). In other words, if the time interval in
players’ payoff functionals (98)—(100) is narrowed
by an integer number of time units (either from the
left or right or from both endpoints), it is sufficient
to narrow the time interval in Fig. 4 and extract the
respective part of the best staircase-function pure
strategy for every player. If only right endpoint ¢, is
shifted to some f=1,, then the cumulative payoffs
are those at the respective time-unit end in Fig. 6
(the plot part on (rz; tz] is just cut off) and their best
sum is in Fig. 7 (the best-sum polyline on (t,; ,] is
cut off as well). If left endpoint 7, is shifted to some
t = 1, (regardless of whether the right endpoint is
shifted or not), the cumulative payoffs and their best
sum are to be recalculated. For this, payoffs at the
end of every time unit in Fig. 5 can be used.

Now, what if the exemplified staircase-func-
tion game is continued to play beyond #, = 2.4n?

35F = - -

25F L. - - - ol - - -

1+ - o ke - - = - 4d . -

L 1 1 1 1 1 1 1 1 1

Say, when t#, = 2.4n and ¢, = 20.5n, and the players
are still allowed to change their pure strategy values
only through 0.1n time step, the staircase-function
game does not have a pure-strategy equilibrium
stack because there are many unit-time trimatrix
games not having a pure-strategy equilibrium situa-
tion. However, putting the staircase-function game
on hold-up on those time units which do not have
pure-strategy equilibria allows to obtain the play-
ers’ best staircase-function pure strategies with gaps
(Fig. 8—10). It is up to the administrator (super-
visor, manager, controller, etc.), who defines (or
constrains) the rules of a system to be game-mod-
elled, to “legalize” such gaps. Those gaps are not
necessarily to be holidays or something like that. If,
say, the time unit is a day, then the gap can be a day
during which any activity of the players (personify-
ing some agents on, e.g., a market) is forbidden (or
suppressed) [19, 23, 27].

It is quite clear that, in real-world practice, a
great deal of finite (ordinary) 3-person games do not
have pure-strategy equilibria. In the case when at
least one of the three players possesses an infinite set
(or a continuum) of one’s pure strategies, the exis-
tence of pure-strategy equilibria is far less likely. So,
a “legalization” of pure-strategy solution gaps must
be an additional condition imposed on the game
model.

- . - m e W - - - -—

1

2.4m

L Il L Il L L Il L L L Il L Il L Il L Il L 1 L Il L Il L Il L
3n 351 4nm 451 S5n 55m 6n 65t 7n 7.5m 8m 851w 9n 9.5n 10m 10.5m 11m 1157 12 1257 13 13.5n 14m 14.57 157 1557 16m 16.51 17n 17.5n 18n 18.51 197 19.5n 20m 20.57

Fig. 8. The first player’s best staircase-function pure strategy with gaps
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Fig. 9. The second player’s best staircase-function pure strategy with gaps
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Fig. 10. The third player’s best staircase-function pure strategy with gaps

Discussion of the contribution

The suggested method is an important sup-
plement to the method of solving a 3-person game
played in staircase-function pure strategy spaces
presented in [13]. Along with the approach of the
pure-strategy solution gaps, it allows quickly find-
ing the best pure-strategy equilibrium (Theorem 2)
in a discrete-time staircase-function 3-person game
just by finding pure-strategy equilibria of a succes-
sion of time-unit subgames, even when not every

“short” 3-person game is solved in pure strategies.
In the case of a trimatrix staircase-function game,
being “wider” one, its pure-strategy equilibrium sit-
uation is formed by solving and stacking pure-strat-
egy equilibria of successive smaller-sized trimatrix
games. The stacking is done in a similar manner for
(uncountably) infinite games also. Then, owing to
Theorem 3, the respective best equilibrium solution
of any “narrower” subgame can be taken from the
“wider” game best pure-strategy equilibrium. The
best equilibrium situation in subgame (90) is easily
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found regardless of whether it is an (uncountably)
infinite game or a trimatrix staircase-function game.
Consequently, the suggested method is a significant
contribution to the 3-person game theory and oper-
ations research, in the sense of both practical appli-
cability and scientific soundness.

In the case of a trimatrix staircase-function
game, the computational efficiency is only defined
by and limited to the efficiency of finding pure-strat-
egy equilibrium situations in an ordinary (time-unit)
trimatrix game whose size is commonly not that
large. Usually, this is about the direct search. With-
out considering the succession of time-unit trima-
trix games, any straightforward approach to finding
pure-strategy equilibrium situations in a trimatrix
staircase-function game is intractable.

The case when the player’s payoff function-
al has a terminal component is only seeming to
be more general than that of functionals (5)—(7).
Indeed, whichever terminal functions (16)—(18)
are, functionals (13)—(15) can be always brought
to the form of functionals (5)—(7) by transforming
and fitting the terminal function under the integral.
Then integrated functions (8)—(10) are respectively
changed but the conception of the integral func-
tional remains the same. This is why the terminal
component case has not been considered.

Another peculiarity is the inclusion of time vari-
able 7 into functions (8)—(10) to be integrated. As time
variable ¢ is explicitly integrated, it means that the
time progress influences the process modeled by the
staircase-function game. In simple terms, the explicit
time variable 7 under the integral means that something
changes within the process. Contrariwise, if in a dis-
crete-time staircase-function 3-person game time 7 is
not explicitly included in functions (8)—(10), then

E (OL,., Bia Y,’)
- .[ f(ai’ Bi» Y,—)du(l‘)

[t(i—l); r(i))

= f(oti, B, Vf) . (r(i) _ ,L.(i—l))

vi=1, N -1 (128)
and
Fy ((XN! Bus YN)
= _[ f(aN’BN’ YN)dH(t)
[T(Nfl);r(N)}
= [ os By vy)- (v =7¥") (129)

instead of (32) and (33),

G, (a[’ io Yi)

:[ .[ )g(ocl., i’ Y,)d“(t)
T(i*l);,r(i)

= g(ai, B;s Y,~)~(r(’) _ r("‘”)
Vi=1, N -1

(130)
and

Gy (aN’ Bu> VN)
= j g(OtN, By, VN)dH(t)

I:T(N—l);t(N)}
= g(cxN, Bys YN)'(T(N) —‘C(N_l))
instead of (34) and (35), and
ACH RS
- .[ h(aia B Y[)dp(t)

(131)

(132)
and

H, (aNa By YN)
= J. h(aN’ Bu> YN)du(t)

[1(/\’*1);{(1‘/)}
=h(ay, By, YN)'(T(N) - T(N_]))

instead of (36) and (37). Equalities (128)—(133)
mean that the player’s payoff value, depending only
on the time unit length, is equal to the length mul-
tiplied by the respective value of the function under
the integral. If the length does not change in the
case of trimatrix staircase-function game (63), then
the time-unit trimatrix game does not change. If the
length does not change in the case of discrete-time
staircase-function 3-person game (41), the time-unit
(ordinary) 3-person game defined on parallelepiped
(40) does not change. Then the solution (of any
type) to the initial (finite or uncountably infinite)
discrete-time staircase-function 3-person game is
determined just by the solution of a one time-unit
game, and this solution will not change as the time
units go by. Such a triviality of the equal-length-
time-unit solution (by implicit time) is explained
by a standstill of the players’ strategies (not to be
confused with equal-length-time-unit solutions, like
that one in Fig. 4, where time is explicit under the

(133)
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integral).

Without underestimation, the scientific signifi-
cance of the discrete-time staircase-function 3-person
game and the methods of finding the best pure-stra-
tegy equilibrium in it (provided by Theorems 2 and 3)
is high. Owing to Theorems 2 and 3, such games, if
finite, are very simple models to describe struggling for
rationalizing the distribution of some limited resources
among three sides. Unlike an ordinary trimatrix game,
which models only a static process of the struggle, a
discrete-time staircase-function 3-person game con-
siders the discrete-time dynamics of the struggle.

Searching for the best pure-strategy equilibri-
um is much simplified if it is somehow known that
a discrete-time staircase-function 3-person game
has just a single pure-strategy equilibrium situation.
Then, owing to Theorem 3 in [13], every time-unit
game has a single pure-strategy equilibrium. Once it
is found on a time unit, the (direct) search on this
unit is stopped. This is a kind of an early stop condi-
tion. It allows for significantly shortening the time of
computations making thus the solving process even
more efficient, especially when time-unit games are
solved concurrently.

Conclusions

Due to a pure staircase-function strategy can
be considered as an ordinary mixed strategy unfold-
ed over a time interval, staircase-function 3-per-
son games are important mathematical objects to
study ordinary (“classical”) 3-person games played
on a finite horizon of game rounds. Besides, stair-
case-function games fairly describe discrete-time
dynamics of competing processes. So, building and
developing a theory for staircase-function games
and their solutions is an actual task and a significant
contribution to the game theory field.

Directly searching for a pure-strategy equilibri-
um in a trimatrix staircase-function game is an intrac-
table problem because of a gigantic size of the game
rendered to an ordinary (“classical”) trimatrix game.
The same concerns (to a much more greater extent)
a discrete-time staircase-function 3-person game, in
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equilibrium pure strategy in the “wider” game.

To deal with the case when not every time-
unit 3-person game is solved in pure strategies, an
effective way is to put a staircase-function game
on hold-up on those time units which do not have
pure-strategy equilibria. During such a “freezing”
of the game, the player’s payoff is not accumulated
(i.e., is not added up to the preceding payoff). The
players cannot change their strategies or any their
activity is suppressed by attaching the respective
prohibition to the game model. The result of putting
the staircase-function game on hold-ups is that the
player will obtain one’s best staircase-function equi-
librium pure strategy with gaps, whichever the time
interval and time-unit shifting are.

The study might be further developed in order
to consider other solution types including situations
with efficient (and, maybe, non-equilibrium) strat-
egies. Moreover, the criterion for selecting a single
solution situation on each time unit can be more
disputable when at least two players’ payoff rang-
es differ significantly. Then, payoff normalization
(standardization) or a correction of the criterion is
to be studied as well.
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B.B. PomaHtok

3CYB 3A OOMHUMUAMMN YACY B ITPAX TPbOX OCIB Y CKIHYEHHMX | HESNIYEHHO HECKIHYEHHWMX MPOCTOPAX
CXOOMHKOBWX ®YHKLLIN, LLIO PO3B’A3YIOTLCA Y YACTUX CTPATENIAX

Mpobnematuka. Irpu, KOTpi Po3irpytoTbCA YUCTUMU CTpaTErisMMU Y PopMi CXOAUHKOBMX (PYHKLIA, MOXYTb MOAENoBaTN ANCKPETHO-

YacoBy AvHaMiKy pauioHanisaduii po3noginy aeskux obMexeHux pecypciB Mixk rpaBusmMu. AK i irpy gBOxX ocib, irpy Tpbox ocib € HanbinbLL
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YXKVBaHUMKN MOAENSMM TaKOT paLioHanisauii B eKOHOMiLi, eKonorii, coljianbHUX Haykax, NoniTULi, ynpaeniHHi, cnopTi. ICHye BinoMuin meToa
3HaXOMXEHHsI piBHOBAry y rpi Tpbox OCi0, WO po3irpyeTbCs y NpocTopax YMCTUX cTpaTerin y hopMi CXOQMHKOBMX (PyHKUiNA. [HTepBan
yacy, Ha sIkoMy Taka rpa 3aaeTbCsl, CKNaAaeTbes i3 Linoro Ymcna 4yacoBux ognHuULb. Lisi piBHOBara yTBOpHOETLCS yKNadaHHsSM piBHOBar
Ha oaMHWLSX Yacy. BigkpuToto 3apaveto € MHOXMHHICTb piBHOBAr (Ha AesKMX OAMHMLSX Yacy), WO NPU3BOAUTL 40 MHOXMHHOCTI YKNnazis
piBHoBar. LLle ogHe BiokpWTe NUTaHHS nonsrae y Tomy, Lo pobuTu i3 rpoto Tpbox Ocib, y skl iHTepBan Yacy moxe ByTu 3miHeHUA abo
3CYHYTUI Ha Ljine YMCro YacoBUX OONHULb.

Meta pocnigxeHHs. Meta nonsirae y Tomy, o6 po3BUHYTU i YAOCKOHANUTN e(PEKTUBHUI METOL PO3B’S3yBaHHs! irop Tpbox ocib,
KOTPi pO3irpytoTbCs y Mexax CKIHYEHHUX MHOXWMH CXOAMHKOBUX (DYHKLIN rpaBLiB AN BUNadKy, Konu nepiod, yNnpoaoBX SKOro rpa TpUBae,
3MIHIOETBCS Ha Ljife YMCro YacoBUX OOMHULb.

MeTtoauka peanisauii. LLlo6 gocsarty 3asHaveHoi MeTu, hopmanisytoTb rpy TPbOX OCiB, B SKill cTpaTerii rpaBLiB € CXOAWHKOBUMM
yHKUisMK Yacy. Y Takili rpi MHOXUHA YACTUX CTpaTETil rpaBLs € KOHTUHYYMOM CXOAMHKOBUX hyHKLiN. OCKinbku YacoBui iHTepBan ckna-
[aeTbCs 3 YacoBMX OAMHULB (MiAiHTepBaniB), Yac BBaxawTb AUCKPETHUM. [icns LbOro MHOXWHA MOXIIMBMX 3HAYEeHb YACTOI cTparterii
rpaBLs AUCKPETU3YETLCS Tak, L0 rpaBeLib BOOAIE CKIHYEHHOK MHOXUHOK CXOAMHKOBUX (PYHKLNA.

PesynbraTty gocnigxeHHs. Bigomuii MeTo po3BUHYTO Tak, Wo6 ByayBaTi eAuHUIA yknag, piBHOBAr y YACTMX cTpaTerisx y Oyab-sikin
[OMCKPETHO-4acoBil rpi TpboX 0cib 3i cxoguHkoBMMU dpyHKUisiMU. Kputepiem BUGopy eanHOI piBHOBaXHOT cuTyalLlii € Makcumisalis cymu BuU-
rpawis rpaBuiB. Y BUNagKy 3CyBy 3a YaCOBUMW OOUHULSAMM Lier KpUTepin JO3BONSE BUTATyBaTU BiAMOBIAHY HAMKpaLLy PIBHOBAXHY YUCTY
cTparTerito y hopMi CXoauHKOBOT dPyHKUIT rpaBLs y A0BINbHIN «6inbLu By3bkKili» Niarpi 3 HankpaLyoi piBHOBaXHOT YncToi cTpaterii y dopmi
CXOAMHKOBOT (DYHKLii LbOro rpaBLs Y «LWUMPLLIA» rpi.

BucHoBKkU. EpekTVBHUM METOOM 3HAXOOXKEHHS HaMKpaLLol piBHOBaru y YMCTUX CTpaTerisx y rpi Tpbox ocib, kKoTpa posirpyeTbcsi
Y CKiH4eHHMX abo He3niYeHHO HECKIHYEHHMX NMPOCTOpPaxX CXOAMHKOBUX (OYHKLN, € pO3B’A3yBaHHsi MOCNIAOBHOCTI irop Tpbox ocib Ha Yaco-
BUX OAMHULAX, NICNSA YOro iX HanKpaLli piBHOBarn yknagarTbCs Y HanKpally piBHOBary y YMCTUX cTpaTerisax. Y BUNagKy, KOnu He KoXHa
rpa TpbOX OCib Ha YacoBWUX OOMHULAX PO3B’A3YETLCS Y YACTUX CTPATErisiX, €PEKTUBHUM PILLEHHSIM € NPU3YNUHEHHS TPU 3i CXOAMHKOBUX
YHKLIN Ha TUX YaCOBUX OAMHULSAX, KOTPI He MatloTb PIBHOBAr Y YACTUX CTpaTerisx. Y pesynbsraTi Takux 3ynuWHOK rpaBeLb OTpuMyBaTuve
BMacHy CXOAUHKOBY PIBHOBaXHY YMCTY CTpaTerito i3 nponyckamu, sikum 6u He ByB YacoBuii iHTEpBan i 3cyB 3a YacOBMMMW OQVHULISIMU.

Knto4yoBi cnoBa: Teopisi irop; dyHKLioHan BurpaLlis; rpa Tpbox ocib; cTpaterisi y dhopMi cXoanHKOBOT doyHKLUIT; TpMMaTpuyHa rpa;
CXO[VHKOBA piBHOBaXHa YMcTa cTpaTeris.

PexomennoBana Pamoro Haniiina no penaxitii
¢akyJIbTeTy NpUKIaIHOI MaTeMaTUKU 25 xoBTH: 2024 poky
KIII im. Iropst CikopchbKoro
IIpuiinsara go myOGikariii
10 mororo 2025 poky
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OCOBJIMBOCTI BIUINBY HAIIPY2KEHOI'O CTAHY
HA TEPMIYHY CTABUIBHICTDb ®A3MU NiSi ¥ IIIIBKAX Ni(Pt)Si

IIpob6aemaruka. [TigBUILUTU LIBUAKO/MI, CTYMiHb iHTETpaLii MiKpocxeM Ta iX HaIiliHOI eKCILIyaTallii MOXHa 3aBs-
KM 3aCTOCYBAaHHIO TE€PMiUHO CTIMKHUX HAHOPO3MIpHMX IUIiBOK-CUJIILIMIIB, MEePEeXiTHUX MeTaliB K (PYHKIIIOHAJbHUX
eJleMeHTiB. HampykeHHs1 y CTPYKTypax € 3arajbHOI0 IPO0JIeMOI0 MiKpOEJEeKTPOHIKM, SIKY CJIiJi BpaXOByBaTH Ha BCiX
eTanax BUPOOHMIITBA, 30epiraHHsI Ta eKCIUTyaTallil sIK TUCKPEeTHUX MPUJadiB, TaK i iHTErpaJbHUX CXEM.

Merta nocaimkenns. JlocimkeHHsI BIUTMBY HaMpy>KEHOIO CTaHy Ta JIeTyBaJbHOTO ejeMeHTa Pt Ha (ha3oBMii CKJlaz i TepMidyHy
cTabiIbHICTh MOHOCHITIMAY Hikemo NiSi y HaHopo3mipaux miiBkax [(Ni+ 1 ar. % Pt) 30 um] Ta [(Ni+ 8 ar. % Pt) 30 um]
Ha minkiankax MoHokpuctamdiyHoro Si(001) mim yac Biamanay y Bakyywmi B iHTepBaji Temnepartyp 400—1000 °C.
Metoauka peamizamii. HaHopo3MipHi IUIiBKM OCaak€HO METOJOM MAarHeTPOHHOIO PO3IOPOIICHHSI Ha IMiAKIagKu
Si(001) 3a ximMHaTHOI TemmepaTypu. Bignan 3paskiB mpoBomuBcs Yy Bakyymi ~1,3 - 103 [1a B iHTepBasli TeMmeparyp
400—1000 °C. MeTtogaMu peHTIeHOCTPYKTYpHOIo (pa30BOro aHajidy, Mac-CIeKTPOMEeTpil BTOpPMHHUX HEUTpasieil i pe-
3UCTOMETPIi (YOTUPU3OHIOBUI METOM) AOCIIKEeHO BIUIMB Pt Ha 3MiHY HaIlpy>KeHOI0 CTaHy Ta TEPMiUHY CTaOUIbHICTh
das3u NiSi y mniBkax Ni(Pt) Ha moHoKpucTaniuHii migkiaagui Si(001).

Pe3yabTaTtu pociimkenns. BuzHaueHO BIUIMB BHYTPILIHIX MEXaHIYHUX HAIpyXeHb i BMICTY JIETYBAJIbHOTO €JleMeHTa
Pt y miBLi Ha mocigoOBHICTh, TeMmepatypy (GopMyBaHHS CUIILUMAHUX (a3 i TepMiyHy CTaOUIbHICTH MOHOCHIIILIAITY
Hikemo NiSi mig yac Biamanay y BaKyyMi.

Bucnoskun. BcranosneHo, 1o nogaBaHHs Pt y miiBky Ni mpuBoauTh 10 MiABUILEHHS TeMmepaTypu (OpMyBaHHS MO-
HOCWJIIIIMAY HiKeao mopiBHAHO i3 m1iBKoio Ni (30 HM). MoHocwaiuua Hikento NiSi mounHae opmMyBaTUCh Y ILTiB-
kax 3 1 ar. % Pt ta 8 ar. % Pt micas Binnmany 3a temneparyp 500 °C Tta 450 °C BinmosinHo. ITinBUILEHHS TepMiYHOI
criiikocti NiSi MoB’s13aHO 3i 3HAYHUM 3MEHIIEHHAM pylluiiiHoi cunu (aszooro nepexoay NiSi y NiSi, 3a paxyHok
(opmyBaHHs TBepnoro po3unHy Ni Pt, Si, skuii Mae MeHIlly BUIbHY €HEprilo, 1110 00yMOBJIEHO MTO3UTUBHUM BHECKOM
nooyTky 71 - AS'.

KmouoBi cioBa: HanpyxxeHuit ctaH; NiSi; ¢pa30Buil cKiIaa; HAHOPO3MIpHI IUIIBKU; BifIall; BaKyyM.

Beryn

3aKOHOMIpHOCTI (ha30yTBOPEHHSI Yy ILIiBKax
Ni(Pt) Ha migknagkax MoHokpuctamrigHoro Si(001)
€ KJIIOYOBUM (DaKTOpOM, SIKMIA BIUIMBAE Ha CTBO-
peHHs i PYHKIIiIIOBaHHS Ha IX OCHOBI HamMiBIIPOBI-
HUKOBUX MPUCTPOIB [1], MiKpoenaeKTpoMexaHiYHUX
cucteM (MEMC) [2], karayizaTopiB Ta MeMOpaH K
y XiMiyHiii mpomucioBocTi [3], Tak i ajasg noTped
exoJiorii [4].

IcHye wiicth cTabinbHUX (a3 culinuay Hike-
mo — Ni,;Si, Niy, Sip,, Ni,Si, Ni;Si,, NiSi ta NiSi,,
SKi € OJIM3bKMMM 3a cTexioMmeTpieto [5]. ¥V ToHKux
TUIiBKax Ha yTBOpeHHs a3 BruimBae 6arato ¢akTo-

piB — MiJgKjaaaKa, 1oAaBaHHS JeryBaJbHUX eJIeMeH-
TiB, TOBIIMHA IlIapiB, CEPEIOBUILE Biamaay, METO.I
HaHEeCeHHsI TOHKOI TuIiBKU. s moTped Mikpoe-
JIEKTPOHIKM HalOiabll 3aTpeOyBaHMM € MOHOCU-
miumn "Hikemo NiSi [6]. 3aBAsSIKM HU3BKOMY OIOPY
(~10 MmxOM - cm) NiSi BUKOPUCTOBYIOTbH JJIs1 3aTBO-
pa TpPaH3UCTOPiB 3 TOMOJOTIYHMMMU PO3Mipamu,
L0 HE NepeBULIyIOTh 65 HM [7, 8]. YTiM, 3MeHILIeH-
HsI TOBIIMHM TUIIBOK CUJIILIM/IIB HiKeJII0 IMIPU3BOIUTh
JI0 pi3KO1 3MiHU TOC/iOBHOCTI YyTBOpeHHs a3z, xa-
paKkTepHUX JJIs1 MAaCUBHUX 3paskKiB [9].

l'omoBHMM HEIOJIKOM BMKOPUCTaHHS (ha3u
NiSi € ii crabinbHicTh auie g0 600—800 °C [10],
TOOTO 3i 3pOCTAaHHSIM TeMMepaTypyu B MOHOCWJIILIUII
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HiKeJII0 TTOPYLIYETbCS CTPYKTYpHA OJHOPIIHICTh —
crnoctepiraeTbes araoMepatis [11]. Axkiio remmnepa-
Typa Bignany nepesuinye 800 °C, mopctkictb NiSi
301IbIIYETHCS 3aBASIKA YTBOPEHHIO (ha3u 3 OibIINM
nutomuM omnopom NiSi, [4].

Ockinbku 75 % TEXHOJOrIYHMX oOIepawii
3 BUTOTOBJICHHSI iHTErpajibHUX CXEM 3HilCHIOETHCS
3a MiABUILEHUX TEMIEPaTyp IiCJISI TOTro, SIK CUJTILIM/I-
Ha 1utiBKa cpopmoBaHa [12], 3aBmaHHsI 3 MiABUIICH-
Hs1 11 TepMOCTaOIIbHOCTI € HaKOLIbII aKTyaJlbHUM.
Binomo 6araTto HayKoBuX pOOIT, MIPUCBSIYEHUX PO3-
LIMPEHHIO TEeMIMEePaTypHOTo iHTepBaly iCHYBaHHS
dasm NiSi [7] i dakTopiB, 110 Ha HHOrO BIUIM-
BatoTh [13]. ¥V pesynbrari 4YMCIEHHUX €KCIIepH-
MEHTIB OyJIO BCTAaHOBJICHO, IO 30UIBIIMUTH OMTHO-
PiIHICTHL Ta TeMIEpaTypHUId iHTepBaJ iCHYBaHHS
NiSi MoXHa, 3aCTOCOBYIOUM JIETYBAaHHSI MeTajlaMU
(mo 10 % at.) [14] abo HaAIMIIOIOYM TOHKY MeTa-
JIeBY IUIIBKY Ha TMoBepxHio cwiiuuay ([15]) um mix
loro mapamu. MertanoM, sIKMiA Haikpalie MiaBu-
1IlyE TeMmIlepaTypy arjoMepallii, 3amnodira€ BUHUK-
HEHHIO HebaxaHux a3 i He BUKJIMKAE 3MEHILEHHS
nuroMoro ormopy, € Pt [16, 17]. ¥V po6ori [18] aB-
TOpHY TOKa3ajiu, 110 mpoluapok Pt 3HUXKYe Terio-
Ty yrBopeHHs NiSi, 110 i IPpUBOAUTH OO0 TePMIYHOI
cTtabinbHOCTI 1i€l ¢da3u. YTiM, BUKOpHUcTaHHS Pt
MHiABMIIYE BaPTICTh SIK BUPOOY, TaK i TEXHOJOTIYHO-
ro npouecy. 3HU3UTHU BapTiCTh MOXHa, SKIIO HaHe-
CTU Ha MiAKIaaKy iBKy criaBy NiPt. ¥V Haykogiit
JliTepaTypi HEMa€ BiIOMOCTEl 1100 ONTUMAJIbHOTO
eJleMeHTHOro ckjiaay cruiaBy NiPt ta iioro BIum-
BY Ha TepMiuHy CTaOiIbHICTb (a3, 110 BUHUKAIOTh.
3a3Buuaii y BApOOHUIITBI iHTErpaJbHUX CXEM BUKO-
PUCTOBYIOTh ILIBKY cruiaBy NiPt, sikumii HaHOCSTB
Ha MmiaKiIaaKy Si.

Iling BriMBOM TeMmmepaTypu ITil 4Yac IIBUIKO-
ro Bianaay 3a3BUYail YTBOPIOETHCS TBEPAMI PO3UMH
NiPtSi [19—20]. ¥ po6ori [21] moka3zaHO MiABUILEHHS
TepMiuHoi ctabibHOCTI NiSi Ta nepelkomkaHHs Te-
pexony B NiSi, mig yac BUCOKOTEMIIEPATYPHOTO Bill-
najay. 3HMKEHHST TeIJIoTU yTBopeHHsT NiSi, BUKIIU-
KaHe mpouapkoM Pt, 3ampornoHoBaHO $SIK 3aci® mjist
MiIBUILEHHS TePMIYHOI CTaOLILHOCTI y po0oTi [22].

ITocTanoBka 3anaui

3HaHHS 3aKOHOMipHOCTeil (pa3oyTBOpPEHHS
y miiBkax Ni(Pt) Ha migkiagkax MOHOKpUCTaIiu-
Horo Si(001) 6e3nocepeaHbO BILUIMBAE HA CTBOPEH-
Hs Ta (yHKUiIOBaHHSI Ha IX OCHOBi HaIliBOpPOBi-
HUKOBMX MPUCTPOIB 1 MiKpOeJeKTpOMEXaHIiuYHUX
cucteM. HampyxeHuil ctad i JogaBaHHS JeryBajib-
Horo eineMeHta Pt 3MiHIOOTH TemIepaTypy IIO-
YyaTKy YTBOPEHHSI Ta iHTepBaj ICHYBaHHS MOHO-

cuwiinuay Hikeao NiSi y HaHOPO3MIpHUX TLTiBKax
[(Ni+ 1 at. % Pt) 30 um] Ta [(Ni+ 8 ar. % Pt)
30 HM] Ha migkiankax MoHokpucrtaiiuHoro Si(001)
Mmig yac Bianaay y BakyyMi B iHTepBasi TeMmepaTyp
400—1000 °C.

MeTtoauka I0CTiIKEHHI

Hanopo3amipHi iiBku [(Ni+1 at. % Pt) 30 um|
ta [(Ni+ 8 ar. % Pt) 30 HM| ocamkeHO METOZOM
MarHeTPOHHOTO PO3IMOPOIICHHS Ha IMiIKIaIK!
MOHOKpHUcTajiuHoro kpeMHito Si(001) 3a kimHat-
Hol TeMmnepaTypu. Bianan BizOyBaBcsl y BakyyMi
~1,3- 1073 Ila B inTepBam Ttemmeparyp 400 °C —
1000 °C. 3pa3ku HarpiBajucs MpoTIroMm 3 XB — 5 XB,
BUTPUMYBAJIMCH 32 BiJIOBiIHOI TeMIlepaTypu Bijra-
Jqy 30 ¢, a mOTiM OXOJIOKYBaJIMCs O TeMIlepaTtypu
~45 °C 0e3 po3BaKyyMyBaHHSI.

HocnigxkeHHs (a3oBoro ckiauy i CTpyKTypu
TUIIBOK TIC/I OCa/I>)KeHHS Ta BifIaJliB MPOBOAUIOCH
METOJIOM PEHTTEHOCTPYKTYPHOTO (ha30BOTO aHajli3y
3 ¢pororpadiuHolo peecTtpauieto (BunpomiHneHHs Co
Ko, 5, Ao, = 1,79 021 A) y kamepi [leGast. Tepmiuni
HaIpyXeHHs OLIiHIOBAJIU 3a (POPMYJIOIO

E
1-v)

ne E — mopynb FOHra miiBku;

v — koediuieHT IlyaccoHna;

AT — pi3HUIL MiXX KiMHAaTHOIO TEMIIEPaTypOIO
i TeMIepaTypolo Biamnainy;

Aol — pi3HUMLS MiX KoedillieHTaMu TepMiuHO-
ro pO3IIMPEHHS IgKiIagky i maiBku. HeratusHe
3HAUEHHSI § O3HAYa€, 110 Yy IUIBLI € HampyXeHHS
CTHUCKY, a MTO3UTUBHE — HAIPY>XEeHHS po3TAry. 3a-
JIMIIKOBI MEXaHiuHi HarpyXeHHs1 OyJo OILliHEeHO
3a 3MiHOI0O O0’eMy TIiCJIsl YTBOPEHSI CUJIILIMAIB Hi-
kemo s pediekcy Ni(111) ta NiSi(021). Enek-
TPOOITip BUMIpIOBaJIM YOTUPU3OHAOBHUM METOJOM.
Posznonis eieMeHTIB MO TOBLIMHI TITIBKU AOCIiIKe-
HO METOJIOM MacC-CIeKTPOMEeTpii BTOPUHHUX HeEl-
tpajeit (MCBH).

oy =A(x-AT(

PesyabraTn A0CHiIKEHHS Ta iX 00rOBOpPEHHS

Dazoei nepemeopenns y naieui [(Ni + 1 am. % Pt)
30 um]/Si(001)

Ha penrtrenorpami muiBku (Ni+ 1 ar. % Pt)
micast ocalkeHHS iAeHTU(dIKOBAaHO TEKCTYpOBaHi
peduexcu Bix Ni ta Pt (puc. 1). Ha puc. 2, a—e6 mio-
Ka3aHO TIOLIAPOBMI XIMIYHMN aHali3 pPO3MOAiTY
¢JIEMEHTIB 3a ToBIIMHOIO y miiBLi (Ni+ 1 ar. % Pt).
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OcKilbKM MiX ocaxkeHolo TuliBKoro crutaBy (Ni +
+ 1 ar. % Pt) i kpeMHieM MiAKIagK¥ MexXa IOILTY
YiTKa, MOXXHA 3pOOUTU BUCHOBOK, 1110 B3a€EMHOI AU~
¢y3il Mixk HUMU He BinOyBa€eTbhCSI.

ITig yac Biamany 3a Temnepatypu 400 °C mo-
YMHAIOThCS B3a€EMHA AuUQy3is i mepedir TBEpAOTiIb-
HUX peaklliii MiX IUIiIBKOIO Ta MiaKaaaKowo (puc. 1).

iy A ¢ 00) (220)

Ni
Pt

Ni
NiLSi  (121) (310) (132)

.

NiSi
PtSi (020) (220)

@11 NiSi/(
Ni,Pt,.,8i(220)(020)(021) (310)(301) (242)

Puc. 1. Pentrenorpamu Bix tutiBok (Ni+ 1 at. % Pt) micns oca-

IDKEHHS 1 Bigmany y BakyyMi 3a temmepatyp 400 °C —
1000 °C

Ha pentreHorpami 3’gBistioTbCs  pedieKcu
dasu cuninuay Ni,Si, 36araueHoro Ni, 110 cynpo-
BOJIKYETHCS MiABUILIEHHSIM eJeKTpoornopy (puc. 3).
Ile mosicHIOETHCS TUM, 1110 OiJibllIa YACTUHA HiKeJIo
IU(YHAYE y KPEMHIl paHillie, HixK YTBOPIOIOTHCS iH-
TepMeTaliIHI CIOJYKU 3a BUILIMX Temmepartyp. Ille
OJIHi€I0 MPUUYMHOIO MOXe OyTH 3MiHa KoedillieHTa
TEPMiUHOTO PO3LIMPEHHS TBEPJAOIrO PO3UMHY 3 TEM-
nepatypoto Biamnany. ITomapoBuii XiMiyHUI aHai3
miiBku (Ni+ 1 at. % Pt) micng Bignany 3a 450 °C
OiATBepIXye HasgBHICTH ABOX (a3 Ni Ta culiLu-
oy Ni,Si (puc. 2, 6).

(a)100 T : - -
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Puc. 2. IMowapoBuii XiMiYHMIA aHaTi3 PO3IOALTY €J€MEHTIB 110 TOB-
wHi iiBoK [(Nu+ 1 at. % Pt) 30 am] ta [(Ni+8 at. % Pt)
30 M| micast ocamkeHHs (a, e) i Bimnais 3a TemmnepaTyp
450 °C (6, 0) Ta 800 °C (s, e)
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Bignan 3a 500 °C cynpoBOIXKYETLCS 3HUXKEH-
HSIM €JIEKTPOOTIOpPY, 1110 MOB’S13aHO 3 TOsSIBOIO (ha3u
moHocuiuuay Hikeao NiSi (puc. 3). Iig yac Bin-
nany 3a remnepatypu 600 °C y IUTiBLi 3’SIBISIOTHCS
pedaekcu mnotpiiiHoro cwiinuny Ni Pt Si, enex-
TPOOIIip SIKOTO Jelllo BUllMid, HixX y NiSi, gxkuit
YTBOPIOETHCSI Y HEJIEroBaHili TJIATUHOO TLIiBLI
Ni(30 um)/Si (puc. 3). Iloganbliie MiABAILIEHHS TEM-
neparypu Bignany go 800 °C skicHo audpakuLiiitHOi
KapTuHU He 3MiHWe (puc. 1). ITomapoBuii XiMivHUHI
aHajIi3 PO3MOIIY €JIEMEHTIB 3a TOBIIMHOIO 3a IIi€l
TeMneparypu MiATBepAuB HasiBHICTb (a3u NiSi. Pt
MOIIMpPeHa IO BCild TOBIUMHI CWJIILMAHOL ILIiBKU
(puc. 2, 6). JlaHi MolapoBOro XiMiuHOTO aHasizy
MOKAa3yloTh, 10 TBEPAOTUILHI peakiiil BimOyJuUCh 110
Bcilt ToBiMHI T1iBKU. Ha 11e BKasye (popma npodinis
KoHUeHTpalii eneMeHTiB Ni, Pt Ta Si — Ha KoXHoO-
My i3 HUX yTBOpuJach nosunyka. Po3millieHHs mosu-
YOK OJIHA T/l OTHOIO BKA3y€ Ha YTBOPEHHS y 3pa3Ky
(aszu NiSi, B skiit piBHOMipHO po3miliieHa Pt.

—®—[(Ni+ 1 a1.% Pt) 30 um]

§o 204 N. S. —:— 1[:]:;—:;8 a';‘.% Pt) 30 um]|
i.Si —4A— Ni(30 um e

= 2 NiSi,

5 1.5- 'Z

3 :

o,

E —"

1 ‘e

2107 &

54 : A

= \ : NiSi

505 . N :

e \ : .L.;.é-_:%.i

g '‘A——A A '

0.0 ‘

710 20400 500 600 700 800 900 1000
Temmneparypa Binnany, °C

Puc. 3. 3miHa BigHOCHOTO ejekTpoornopy miiBok [(Ni+ 1 at. % Pt)
30 um], [(Ni+ 8 ar. % Pt) 30 um] ta Ni (30 HM) 3 Tem-
rneparyporo Bigmnany

V Tabn. 1 HaBeaeHO AaHi Ipo 3MiHy (a30BOro
ckiuany y mwiiBui (Ni+ 1 ar. % Pt) 3 temneparyporo
Biamany.

Tabauysa 1. 3miHa ($a30BOro CKiIamy IUTiBKY 3 TEMIIEPATypOIO

Bigmanty
Temnepatypa Binnainy, °C ®azoBuii ckian

ITicnst ocamkeHHs Ni, Pt
400 Ni, Ni,Si
450 Ni, Ni,Si
500 NiSi, PtSi
600 NiSi, Ni Pt,_Si
700 NiSi, Ni Pt,_Si
800 NiSi, Ni Pt,_.Si
900 NiSi, Ni Pt,_.Si
1000 NiSi, Ni Pt,_.Si

Ha puc. 4 nokazaHo 3MiHy po3paxyHKOBUX T€pP-
MiYHMX HanpyxeHb y mapax Ni, NiSi Ha nigkaan-
i MOHOKpUCTaIiyHOro KpeMHito Tta NiSi Ha NiSi,.
VYV mapi Ni Ha KpeMHii OUIbIIMI piBeHb HaMpy-
KeHb CTUCKY, HiX y NiSi B iHTepBasi Temrieparyp
400 °C — 500 °C.

1500

—=— NiSi/Si
1000 4 —*— Ni/Si

—a— NiSI/NiSi,
500

-1000

[}

&
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-1500
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—2000 T T T T T T T T T T
0 100 200 300 400 500 600 700 800 900 1000

Temneparypa Bianainy, °C

Puc. 4. 3miHa TepMiuHMX HampyxeHb y IriBkax Ni ta NiSi
Ha Mexi 3 migkiaakoio ta NiSi, 3 TeMreparypoto Bianany

[MigBuieHHs Temmeparypu Bignany go 1000 °C
CYIIPOBOJIXKYEThCS 30UIBIICHHSIM PIBHSI TEPMIYHUX
HarpyxXeHb CTUCKY Y api NiSi Ha Mexi 3 migkaan-
koro. PospaxyHOK TepMiuHMX HampyxXeHb MoKa-
3ye, 1o dopmyBaHHs NiSi Ha Mexi moainy 3 Ni,Si
ta NiSi, 3MiHIO€ 3HaK HampyXeHb Ha HaMpy>KeHHS
PO3TSTY, YHACTIAOK YHACIIOK TOro, 110 KoedillieH-
TU TEPMIYHOTO PO3IUMPEHHS LUX CUJIILMAIB OiIbIII,
HIK MOHOCWJIIIMAY Hikedo. JlomaBaHHS JieTyBaib-
HOro eJieMEHTa TaKOX MOXe 3MiHUTU BEJIUYMHY
i 3HaK LIMX HaMpyXeHb, 1110 OyJe BIUIMBATU HA TEM-
rnepaTypy Imo4yaTkKy YTBOPEHHSI CWIILUAIB (puc. 4).

Daszoei nepemeopenns y naieui [(Ni + 8 am. % Pt)
30 um]/Si(001)

Ha puc. 5 mokasaHo peHTreHOorpamMu ILIiBOK
(Ni+ 8 ar. % Pt) 3 GiIbIIIM BMICTOM JIETYBaJIGHOTO
eneMmeHTa. Ilicas ocamkeHHs imeHTH(IKOBAaHO Ha-
SIBHICTh TBepaoro pozunHy Ni(Pt).

Ha puc. 2, e—e momaHO mNolapoBUil XiMid-
HUI aHali3 pO3MOALTY €JIEeMEHTIB 3a TOBIIUHOIO
y B (Ni + 8 at. % Pt). Mix TUIiBKOIO CILUIaBy
1 KpeMHIEM MiAKIaAKKW HasiBHA 4YiTKa MeXa IOy,
TOOTO B3a€EMHOI IM(Y3il MixK HUMU HE CIOCTEepi-
raetbcsl. Pt piBHOMipHO po3mofijieHa MO TOBLIWHI
miBku (puc. 2, 2). Ha penTreHorpami micist Biana-
ny 3a Temnepatypu 400 °C 3’sBasiioTbesl peduiekcu
cuniumay Ni,Si (puc. 5). Lle BKazye Ha moyaTok
B3aeMHO1 audy3ii mixk Ni Ta Si.
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Bt (1n (1D Q00) 20)

Ni
Ni,Si

NiSi
PtSi (020) (220)

Puc. 5. Penrrenorpamu Bin rtiBok [(Ni + 8 at. % Pt) 30 um]|/
Si(001) micast ocamkeHHs1 Ta Bianaay y BaKyyMi 3a TeM-
niepatyp 400 °C — 1000 °C

VY maiBni 3 OUIBIIMM BMICTOM IJIATUHU ITiJI Yac
Bigmany 3a 450 °C yacTMHa HIKeJIIO IpopearyBaja
3 KpeMHIEM MiAKIanaKu, aje MeplIMM IodaB (op-
MyBaTUCh MOHOcwIinna Hikeao NiSi. ToBumHa Hi-
KeJTIo, 1110 He TIpopearyBajia 3 KpeMHIiEM, CTAaHOBUTh
~20 HM. Pt HepiBHOMiIpHO po3MojijieHa 3a TOBIIM-
HOI0 MOHOCWIILIMAY HiKesto (puc. 2, 0).

ITig yac mopanplIOro BiAmnaay 3a TeMmepaTryp
600 °C — 800 °C y miiBLi YTBOPIOETHCS MOTPiAHMIA
cuniuun Ni Pt,_ Si. V tabn. 2 HaBeneHo 3MiHy (da-
30BOTO CKJIaAy 3 TeMIIepaTypoOlOo BiAIlaly y ILTiBI
(Ni+ 8 ar. % Pt).

Tabauusn 2. 3mina ¢daszoBoro ckiaay IUIBKM Yy IUTBLI
(Ni + 8 at. % Pt) 3 TemmepaTypolo Bimnany

Temnepatypa Bignany, °C dazoBuii ckian
ITicnag ocamkeHHS Ni, Pt

400 Ni, Ni,Si
450 Ni, NiSi
500 NiSi, PtSi
600 NiSi, Ni Pt,_ Si
700 NiSi, Ni Pt,_ Si
800 NiSi, Ni Pt,_ Si
900 NiSi, Ni Pt,_Si
1000 NiSi, Ni Pt,_ Si

JaHi momapoBOro XiMivHOro aHai3y Iokasy-
I0Tb, 1110 TBEPAOTUIbHI peakilii BimOyJuch Mo BCiit
TOBILMHI TIiBKU (puc. 2, ¢). NiSi Ta noTpiitHuii cu-
ginvn Ni Pt,_ Si 3anuinaioTbes TEpMiYHO CTa0iIb-
Humu a0 temnepatypu Binnanay 1000 °C (puc. 5).

V Tabs. 3 HaBeneHO pPe3yJibTaTu PO3pPaxyHKy
3MiHU 00’€MY TIiJl Yac YTBOPEHS CUJIILIMAIB HiKeJo.
OcKiibK1 3MiHEHHSI 00’eMy Mijl Yac YTBOPEHHS CU-
JIIKUOY Ma€ MO3UTUBHE 3HAYEHHS, TO Y IUIBLI ITiJ
yac YTBOPEHHSI CWJIILIMIIB HiKeJ0 HasiBHI Hampy-
JKEHHSI CTUCKY Pi3HOI BEJIMUMHM.

Tabauusa 3. 3miHa 00’emy I 4ac YTBOpPEHS CUJIILIMIIB

HiKeJIIo
Tun peauii 3MiHa 00’emy Tun
AV, % HaIpyXeHb
2Ni + Si = NiSi 47 CTHCKY
Ni,Si + Si = 2NiSi 33,7 Ctucky
Ni + Si = NiSi 52,6 CTHCKY
Si + NiSi = NiSi, 34,2 Crtucky

ITin yac HarpiBaHHS TOHKOIUTIBKOBI CUJIILIMIN
MepexiTHUX MeTalliB MaroThb HAIpy>KEeHHSI CTUCKY,
OCKIiJIbKM Y HUX TeMMepaTypHUil KoedillieHT JiHili-
HOTO PO3ILIMPEHHSI OUIbIIUIA, HiXXK Y KPEeMHilO.

PesynbTaTu po3paxyHKy CTPYKTYpHUX Hampy-
keHb y riBkax (Ni+ 1 at. % Pt) ta (Ni+8 at. % Pt)
MOKa3aHo Ha puc. 6. 3i 30UTBIIEHHSIM TeMITepaTypHu
Binnajay BHacaigok yrBopeHHs a3y NiSi y rutiBkax
BiOyBa€eThCsl pesiakcallisi Halpy>KeHb.

—
W
;

—
(e}

=8 (Ni+ 1 a1.% Pt)

=& (Ni+ 8§ at. % Pt)

0 200 400 600 800 1000
Temnepatypa Bianany, °C

o

Hanpy:xenns, ['Tla
W

Puc. 6. 3miHa cTpyKTypHUX HampyskeHb y twtiBkax (Ni + 1 at. % Pt)
ta (Ni + 8 at. % Pt) 3 TemmepaTyporo Biamany

VYrBopenHs NiSi B 000X IUNIBKax TaKOX CYy-
MPOBOMXYETLCS Pi3KUM 3MEHILEHHSIM  €JIEKTPO-
onopy, SIKMiA Ma€ OiJibllie 3HAYEHHSI, HiX Y TUTiBLi
Ni (30 uM) (amB. puc. 3). 30iiblIEHHS KOHLEH-
Tpalil raTuHM A0 8 at. % CyNpOBOIKYEThCS Maii-
K€ OIHAKOBOIO IOCJIiJOBHICTIO PO3BUTKY TBEPAO-
(asHMX peakUiili CHJIIINUIOYTBOPEHHS, SIK Y IUTBLI
3 1 % Pt, anme 3milnye iX movaTok y OiK OUTBII BU-
COKHMX TeMIlepaTyp BiAnanay MOpPiBHSIHO 3 IJIiBKOIO
HiKeJIfo 0e3 JIeTyBaJlbHOro ejeMeHTa. BimMiHHICTB
CIIOCTEpIra€ThCsl TIIBKU 3a TeMIlepaTypu Bigmany
450 °C, me y Bl 3 MEHIIMM BMicToM Pt dbopmy-
eTbes 36arayeHnii Ha Ni cuninma NiSi, a y rutisui
3 OuIbIIMM BMicToM Pt — MoHocuminua NiSi.



42

KPI Science News

2025/ 1

3a pesyjabTaTaMu JOCHIIXEHb OYEBUIHUM €
Te, 1o y ruiBkax Ni, JjeroBaHux Pt, po31mploeTbest
iHTepBan icHyBaHHs ¢asu NiSi go 1000 °C.

TakuM uyMHOM, JomaBaHHsS Pt crabinizye no-
TPiOHY CUJIILIMAHUM TexHosoTisIM ¢a3y NiSi Ta po3-
LIMPIOE iHTEpBasl 11 iCHYBaHHS 3a PaxyHOK YTBO-
peHHs tBepnoro po3unHy NiSi-PtSi. Ile nos’s13aHo0
3i 3HaUHMM 3MEHIIEHHSIM PYILLIiHOT cruju (Pa30BOTO
nepexony NiSi B NiSi,. TBepauit pozuun Ni Pt,_ Si
Ma€ MEHIY BiJIbHY €Heprito, 110 00yMOBJIEHO I1O-
3UTUBHUM BHeckoM T -AS, ne Ti AS — TeMmnepa-
Typa TepMOOOpOOKM i 3MiHA €HTPOILil 3MilllyBaHHS
BianosigHo. I1py LbOMY MiABUILYETHCS €HEPreTUY-
HUM Gap’ep st (OpMyBaHHS 3apOAKiB JAUCUJTILIU-
oy NiSi,.

BucHoBku

BcranosieHo, 110 ¢GopMyBaHHS CWJIILMI-
Hux ¢a3 y miaiBkax [(Ni+ 1 ar. % Pt) 30 am] Ta
[(Ni+ 8 ar. % Pt) 30 HM] Ha MOHOKpPHUCTAIIYHUX
ninknagkax Si(001) pisHUTbCS Bin giarpam (a3oBoi

piBHOBaru jisi MacUBHOTO CTaHy i BimOyBa€eTbcs
B iHLIMX TeMIIEpaTypHUX iHTepBaiax.

BcraHoniieHo, 1110 30UIbLIEHHST PiBHS MeXaHiu-
HUX HalpyXeHb PO3TArY y IUIIBLI 3 OUIbILIMM BMicC-
tom Pt (8 ar. %) minBuillye TemiepaTypy (opmy-
BaHHS MOHOCWJIILIMY HIKEJIIO TIOPiBHSHO 3 ILIiBKOIO
Ni (30 HM). Monocwniuua Hikemo NiSi nmounHae
dbopmyBaruch y miiBkax [(Ni + 1 at. % Pt) 30 um|/
Si(001) ta [(Ni + 8 ar. % Pt) 30 um]/Si(001) micns
Bigmany 3a remneparypu 500 °C ta 450 °C BinnoBigHO.

BuznaueHo, 110 10JaBaHHS JIETYBAJIbHOIO €eJie-
meHTa Pt y miBky Ni 301iblllye TEpMiuHY CTaOiIb-
HiCTb MOHOCHWJIILIMAY HIKEJII0 i PO3LIMPIOE iHTEPBaJ
yoro icayBaHHs mo 1000 °C 3a paxyHOK ¢hopmy-
BaHHs TBepnoro pozuuHy Ni Pt,_ Si. Ile nos’s3aH0
3i 3HAUHMM 3MEHIIEHHIM PYILiHOT cuu (Pa30BOTO
nepexony NiSiy NiSi, 3a paxyHOK MEHLIOI BUILHOI
€Heprii TBepAOTro pO3uuHY, 110 OOYMOBJIEHO TO3U-
TUBHUM BHeckoM T - AS.

YV nopanbuioMy nependavyaeTbCsd JAOCTIAUTH
BILJIMB ce€peaoBuUIlIa Bianany Ha (h)OpMyBaHHS MOHO-
CWIILIMY HIKeJIO Ta MOro TepMiuyHy CTaOUIbHICTD.
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L.S. Levchuk, R.A. Shkarban, T.I. Verbytska, Yu.M. Makogon

FEATURES OF THE INFLUENCE OF THE STRESS STATE ON THE THERMAL STABILITY OF THE NISI PHASE IN NI(PT)/SI FILM

Background. It is possible to increase the speed the degree of integration of microcircuits and their reliable operation due to the
use of thermostable nanoscale films of transition metal silicides as functional elements. Stress in nanostructures is a general problem of
microelectronics, which must be taken into account at all stages of production, storage and operation of both discrete devices and inte-
grated circuits.

Objective. The purpose of the paper is to study of the effect of stress state and Pt alloying element on the phase composition and
thermal stability of NiSi nickel monosilicide in nanoscale [(Ni + 1 at. % Pt) 30 nm] and [(Ni + 8 at. % Pt) 30 nm] films on single crystalline
Si(001) substrates during vacuum annealing in the temperature range of 400 °C — 1000 °C.

Methods. Nanoscale films were deposited by magnetron sputtering on Si(001) substrates at room temperature. The samples were
annealed in a vacuum of ~1.3 - 107% Pa in the temperature range of 400 °C — 1000 °C. The influence of Pt on the change in stress state and
the thermal stability of the NiSi phase in Ni(Pt) films on a single crystalline Si(001) substrate was investigated using the methods of X-ray
structural phase analysis, mass spectrometry of secondary neutrals, and resistometry (four-probe method).

Results. The influence of internal mechanical stresses and the content of the Pt alloying element in the film on the sequence,
temperature of silicide phases formation, and thermal stability of NiSi nickel monosilicide during vacuum annealing was determined.

Conclusions. It was established that adding Pt to the Ni film leads to an increase in the nickel monosilicide formation temperature
compared to the Ni (30 nm) film.

Nickel monosilicide NiSi begins to form in films with 1 at. % Pt and 8 at. % Pt during annealing at temperatures of 500 °C and 450 °C,
respectively. An increase in the thermal stability of NiSi is associated with a significant decrease in the driving force of the NiSi into NiSi,
phase transition due to the formation of a NiPt,_,Si solid solution, which has a lower free energy, due to the positive contribution of
the T - AS.

Keywords: stressed state; NiSi; phase composition; nanoscale films; annealing; vacuum.
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FLEET MANAGEMENT ALGORITHM FOR ENHANCING ENVIRONMENTAL
FRIENDLINESS OF MARITIME DELIVERY

Background. Maritime cargo delivery accumulates over 80 % of international transport operations, providing a cost-ef-
fective method for global trade, particularly vital for developing countries. However, maritime transportation is heavily
dependent on fossil fuels, which results in significant emissions of carbon dioxide CO, and creates environmental prob-
lems for water resources. To address these issues, this study proposes a solution to optimize maritime delivery route
planning projects, and reduce fuel consumption and CO, emissions.

Objective. The objective is to develop an algorithm for planning delivery routes at optimal vessel speed, consisting of
a genetic algorithm and a speed optimization step, to reduce fuel consumption and CO, emissions during maritime
transportation. In addition, the results will be validated and the efficiency of the developed algorithm will be compared
with a standard genetic algorithm without a speed optimization step.

Methods. This article proposes an implementation of an additional step of vessel speed optimization into the algorithm
for calculating delivery routes, which can significantly reduce fuel consumption and CO, emissions without increasing
the complexity of the algorithm itself. The route is computed by solving the vehicle routing problem.

Results. The study demonstrates that the application of the speed optimization step in the algorithm for planning deli-
very routes significantly reduces the volumes of fuel consumption and CO, emissions. Comparison of the experimental
results showed that the genetic algorithm with a speed optimization step outperforms the standard genetic algorithm in
terms of the volumes of fuel used and CO, emissions. Detailed analysis of various combinations of fleet composition
emphasizes the need to balance the capacity of vessels to achieve maximum efficiency of cargo delivery. While adding
more feeders initially reduces overall fuel consumption, overloading the fleet with underutilized vessels can lead to inef-
ficiencies and increased operational costs. The study also considers alternative approaches such as increasing capacity
and reallocating vessels among routes, highlighting their impact on fuel consumption and CO, emissions.

Conclusions. The study proposes an improved algorithm for constructing maritime cargo delivery routes using a genetic
algorithm with a speed optimization step. Such an algorithm ensures effective management of maritime delivery route
planning projects, while significantly reducing fuel consumption and CO, emissions into the environment. Also, optimal
control of the fleet composition ensures the reduction of CO, emissions due to the efficient use of each vessel.
Keywords: water transport; fleet management; optimal control; route planning; route optimization; project manage-
ment; fuel consumption; CO, emissions; vessel speed optimization; genetic algorithm.

Introduction

Maritime cargo delivery accounts for the larg-
est share of global goods transportation, making up
more than 80 % of international transport. This
percentage is even higher in most developing coun-
tries [1]. One of the key advantages of maritime car-
go transportation is its low delivery cost [2]. How-
ever, this mode of transportation consumes a vast
amount of fuel, leading to significant carbon dioxide
CO, emissions, which have a detrimental impact on
the environment [3]. Many carrier companies op-

erate ageing fleets that rely almost exclusively on
fossil fuels, having resulted in a 20% increase in
greenhouse gas emissions over the last decade [4].
Efficient ways to reduce CO, emissions include using
modern fuels and deploying modern ships that are
less harmful to the environment. These options are
interconnected, as it is not feasible to easily switch
to modern fuel on older ships and vice versa. There-
fore, implementing these emission reduction strat-
egies will require significant investment — first to
renew the fleet of ships and then to transition to less
harmful fuels. Consequently, the cost of delivery is
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likely to increase substantially, potentially decreas-
ing the share of maritime delivery in the global mar-
ket. It is important to note that fleet modernization
can only be implemented in the long term, allowing
for a gradual phase-out of outdated ships and fuels.

An alternative way to reduce CO, emissions
is to plan the shortest delivery routes for cargo. It
may seem intuitive that shorter routes use less fuel,
leading to lower CO, emissions. However, a crucial
factor influencing CO, emissions is the speed of the
ship. Fuel consumption has a non-linear relationship
with vessel speed — as speed increases, fuel usage
increases significantly. Consequently, CO, emissions
into the atmosphere also rise with increased speed.

High delivery speeds are justified by the fact
that container shipping companies aim to deliver
goods as quickly and reliably as possible. As fuel
consumption increases, so does the delivery cost.
Carrier companies commit to delivering goods with-
in specified time frames and failing to meet these
deadlines results in penalties and reputational dam-
age. Therefore, it is crucial to plan delivery routes
that allow cargo to be delivered on time while en-
abling ships to travel at the minimum acceptable
speed to fulfil contractual agreements. Additionally,
the lower speeds can lead to a reevaluation or reduc-
tion in delivery costs [5].

Article [6] considers the multiple travelling
salesmen problem (mTSP) for constructing optimal
routes, incorporating additional constraints such as
feeder capacity, cargo accumulation intensity at the
port, and maximum route duration or time windows.
These constraints effectively expand the mTSP into
the vehicle routing problem (VRP). The classic VRP
extends the mTSP by including different service re-
quirements at each node and varying capacities for
vessels in the fleet management. The objective of
these problems is to minimize the total cost or dis-
tance across all routes [7].

This article proposes an additional route opti-
mization step that can significantly reduce costs and
emissions without increasing the complexity of the
route calculation algorithm. The route is computed
using a genetic algorithm, which belongs to heu-
ristic algorithms, providing approximate solutions
that save computational resources — equivalent to
time and budget [8, 9]. The genetic algorithm stands
out as one of the best heuristics for finding delivery
routes with lengths practically approaching the pos-
sible minimum [10, 11]. In some cases, the heuristic
solution matches the exact solution’s route length.

Various methods exist to enhance the perfor-
mance of a genetic algorithm. A study on the se-
lection mechanism and the elimination of invalid

routes is discussed in [12]. The impact of a random
number generator on population creation and mu-
tation processes is explored in [13]. The fundamen-
tal mutation operation in genetic algorithms is the
crossover operation, commonly known as two-point
crossover. An alternative version of the algorithm
featuring a modified three-point crossover is de-
tailed in [14].

This paper proposes a solution that calculates
the optimal speed of vessels along routes, identi-
fied using a genetic algorithm with enhanced con-
straints [6]. In maritime cargo delivery, the vehicle
routing problem addresses the routing of optimal
feeder tours. The determination of speed follows the
identification of the optimal feeder route for cargo
delivery. Opting for reduced-speed delivery routes
allows ships to travel slowly enough to ensure timely
cargo delivery while minimizing fuel consumption
and thereby reducing CO, emissions.

Problem statement

The goal is to describe, implement, and justify
the importance of using an algorithm, consisting of
a genetic algorithm and a speed optimization step,
to achieve reductions in fuel consumption and CO,
emissions in maritime shipping. Moreover, compar-
isons with the algorithm without an additional opti-
mization step will be demonstrated. To achieve the
goal, the following four tasks are to be fulfilled:

1. To substantiate the inclusion of the speed
optimization step after an initial route is produced
by the genetic algorithm.

2. To show the advantage of the algorithm using
the speed optimization step compared to the algo-
rithm, which does not consider the speed of feeders.

3 To discuss the significance and practical
applicability of the suggested improvements in the
algorithm of maritime delivery route planning and
project management.

4. To make an unbiased conclusion on the
contribution to the field of algorithms used, in parti-
cular, to optimize maritime cargo delivery planning.
An outlook of how the research should be extended
and advanced is to be made as well.

GA with speed optimization

Route planning is a crucial aspect of maritime
cargo delivery and project management, aimed at
solving the traveling salesman problem. This clas-
sic problem involves constructing the shortest route
that visits all points on a map exactly once before
returning to the starting point. However, in practical
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maritime operations, companies manage large fleets
of ships, and merely solving the classic travelling
salesman problem is not sufficient to ensure opti-
mal and profitable delivery of goods. As a result, the
mTSP has emerged, focusing on finding the shortest
routes for several salesmen simultaneously. Solving
the mTSP requires an enhanced algorithm based on
the classic TSP framework. Despite the complexity
introduced by multiple salesmen, the ultimate goal
remains the same: to identify the shortest possible
routes, which are deemed optimal for efficient cargo
delivery.

Constructing a route solely based on minimum
length may not suffice for efficient maritime cargo
delivery. Carrier companies must navigate nume-
rous additional constraints crucial to planning de-
livery routes effectively. Key among these are feed-
er capacity, cargo accumulation intensity at ports,
and maximum route duration, reflecting real-world
processes in maritime cargo operations. Integrating
these factors into algorithms enables the develop-
ment of delivery routes that accommodate the com-
plexities and specificities of maritime logistics [6].
Incorporating these constraints expands the mTSP
into the VRP. The primary goal of these problems is
to minimize the total cost or distance covered across
all feeder tours.

Expanding the problem to include the VRP
complicates the algorithmic logic required to find
optimal routes, necessitating consideration of imple-
mented restrictions. This challenge can be formu-
lated as a mathematical optimization problem and
solved using various algorithms, including meta-
heuristics or exact methods [15]. As previously men-
tioned, a proposed solution to address this transpor-
tation challenge involves the utilization of a genetic
algorithm. Genetic algorithms leverage principles of
natural selection to solve optimization problems ef-
ficiently [10].

The genetic algorithm iteratively modifies a
population of individual solutions. In each iteration,
the algorithm selects individuals from the current
population to act as parents, generating offspring for
the next generation. Through successive generations,
the population evolves towards an optimal solution.
During the generation of a new population, muta-
tions occur. The algorithm used in this study in-
corporates mutations such as flip, swap, slide, and
crossover. These mutations can also be combined,
enabling the creation of complex mutations. Each
of these operations modifies the individual in unique
ways, contributing to a near-optimal solution.

Following the completion of all mutations across
the population, the genetic algorithm proceeds with

evaluation and selection steps. Each generated solu-
tion undergoes evaluation using a fitness function,
which assesses its proximity to the optimal solution
of the problem and verifies compliance with spe-
cified constraints. Solutions that violate any defined
constraints are penalized and rendered infeasible,
thereby excluding them from further mutations.
Conversely, solutions that incur fewer penalties or
remain penalty-free are deemed feasible and re-
tained for subsequent mutation processes.

In our previous studies [6, 12, 13, 14], a gene-
tic algorithm is utilized to find the shortest delivery
routes while imposing a maximum route length con-
straint. The fitness function evaluated each feeder
route’s length, imposing penalties if it exceeded the
defined constraint. This constraint aimed to enable
uninterrupted cargo delivery routes without the need
for refuelling, thereby reducing fuel costs and avoid-
ing additional refuelling time. In this article, a new
set of constraints is introduced and the algorithm’s
input data is expanded. Notably, the maximum
route length restriction is omitted, as refuelling costs
are now considered permissible during the cargo de-
livery process.

Expanding the problem to solve the VRP com-
plicates the search for the optimal route. For in-
stance, in the case of using a genetic algorithm, the
population size must be sufficiently large to accom-
modate all constraints, such as capacity and speed
of movement. If speed variations are not initially
considered in the algorithm for solving mTSP, ad-
dressing the VRP requires multiplying the popula-
tion size by the range of permissible vessel speeds.
Consequently, this increases the time required to
compute the optimal route.

This research proposes a solution to the car-
go delivery problem using a genetic algorithm that
considers route length, feeder capacity, and cargo
accumulation at ports to compute the minimum
route satisfying these conditions. Following the cal-
culation of the feeder route, a speed optimization
step is proposed to gradually reduce the speed of
each feeder along the route. This speed reduction
significantly decreases fuel consumption and CO,
emissions. Integrating this speed optimization step
leverages the existing genetic algorithm to find the
optimal route without initially factoring in feeder
speeds, thereby avoiding an increase in computa-
tion time. The speed reduction step requires mi-
nimal additional calculation time compared to the
main route calculation. Thus, a hybrid approach is
suggested for planning sea routes for cargo delivery,
combining a genetic algorithm with an additional
speed optimization step.
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Maritime cargo delivery model

In this section, the mathematical model under-
lying the genetic algorithm for maritime route plan-
ning is presented. The model aims to optimize cargo
delivery routes while considering various constraints,
such as feeder capacity, port cargo accumulation,
and route duration. By formulating this problem as
a variant of the mTSP in order to achieve efficient
and sustainable maritime logistics advanced opti-
mization techniques can be leveraged. The primary
objective of the model is to minimize the total cost,
which includes fuel consumption and CO, emissions
while ensuring that all delivery constraints are met.
This involves not only finding the shortest possible
routes but also optimizing feeder speeds and capaci-
ties. The genetic algorithm incorporates various mu-
tations and crossover operations to explore a wide
range of potential solutions, ultimately converging
on an optimal or near-optimal route configuration.

The following variables are used in a simplified
maritime cargo delivery model [6]: Nthe number
of ports, p,, and p,, are the horizontal and vertical
components of the position of the port k, and M,
the number of feeders available to accomplish the
delivery. Every feeder m starts its tour off port 1
and ends up returning to that port. We denote the
current number of feeders by M.

In our previous work, we considered a model
in which the feeder had a limitation feeder m
capacity C,, accumulation intensity 4,,, of cargo at
port » visited by the feeder m, and maximum route
duration D, . The minimization goal is to find such

max*

a set of flags X, at which

d. (N, M, X*)szindz(N,M, X) (1)
under feeder capacity and cargo accumulation con-
straints.

This article discusses an approach to reducing
fuel consumption during maritime delivery. Fuel
consumption for a feeder vessel is primarily depen-
dent on the vessel’s speed and can be expressed as a
cubic relationship. This means that fuel consumption
increases exponentially with speed. At the same time,
it depends on the specific characteristics of the vessel,
including its engine efficiency and hull resistance.

To accurately calculate fuel consumption,
it is essential to refer to the fuel consumption va-

Table 1. Emissions produced by heavy fuel oil

lues at the vessel’s maximum speed as specified in
the technical documentation. Using this data, fuel
consumption at lower speeds can be approximately
estimated. Also, it can be adjusted with additional
empirical data or specific operational considerations
for the vessel.

In this work, the objective function is to mi-
nimize fuel consumption when delivering cargo by
sea. So, the task is to find X", at which

N
d,(R,,v,, X")= mxln;F(Rm, v,, X) )

where N is the number of routes, R, is the route of
the m feeder, and v is the speed of the m feeder. The
restrictions from [6] must also be taken into account
when searching for optimal routes and speeds.

Maritime shipping is a significant contributor
to global CO, emissions, which play a major role in
climate change and ocean acidification. By mini-
mizing these emissions, we can help protect ma-
rine ecosystems and the environment. Additionally,
compliance with increasingly stringent international
regulations, such as those set by the International
Maritime Organization (IMO), is essential to avoid
penalties and ensure the sustainability of maritime
operations. Lowering CO, emissions also has public
health benefits, as it reduces the release of harmful
pollutants, thereby improving air quality and reduc-
ing health risks for communities near ports and along
shipping routes. Air pollutants from the ship opera-
tions using heavy fuel oil are shown in Table 1 [16].
The table displays the amount of pollution in grams
produced per gram of fuel burned.

Testing

In the testing section, the algorithm’s operation
for constructing maritime cargo delivery routes with
a speed optimization step is analysed. A comparison
with the algorithm without this additional optimiza-
tion step is conducted. Experiments are performed
to evaluate the impact of the speed optimization step
on algorithm performance. Henceforth in this arti-
cle, the algorithm with the optimization step will be
denoted as GA_S, while the algorithm without it will
be referred to as GA. Each experiment is conducted
under identical conditions, using the same port map
and a predetermined number of feeders.

Pollutant CO, CH, N,O

NO

NMVOC CcO PM,, SO,

X

EF HFO 3,114 0,000 06 0,000 15

0,0903

0,003 08 0,00277 | 0,00278 | 0,025
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Table 2 presents the results of experiments
comparing fuel consumption and carbon dioxide
emissions between GA and GA_S. These experiments
are conducted across varying numbers of ports, re-
flecting the need to establish sea delivery routes for
both small-scale scenarios (e.g., the Sea of Azov or
the Marmara Sea) and larger-scale scenarios en-
compassing several dozen ports (e.g., the Black Sea
or the Mediterranean Sea) [17].

Table 2 demonstrates that the algorithm with
an additional optimization step yields promising re-
sults in reducing fuel consumption and CO, emis-
sions. This suggests that the speed reduction step
can effectively contribute to planning optimal mari-
time delivery routes. Importantly, this approach al-
lows for calculating the minimum permissible speed
without introducing complexity to the existing al-
gorithm. The additional step gradually reduces the
speed of each feeder until it conforms to all specified
delivery constraints, including the total fleet capaci-
ty necessary to manage accumulated cargo at ports
within specified timeframes.

Considering an alternative approach to solving
the VRP using a genetic algorithm without an addi-
tional optimization step, it becomes evident that in-
corporating speed selection into population genera-
tion and selection processes is crucial. Introducing a
population with varied speeds inevitably increases its
size compared to one without speed considerations.
The larger population size in a genetic algorithm im-
pacts the time required to reach an optimal solution.
To compare the performance of algorithms with an
additional speed optimization step and an algorithm
featuring an expanded population, tests are conduc-
ted, and the results are presented in Table 3.

As shown in Table 3, the basic genetic algorithm
(GA) finds a route faster than other algorithms. The
genetic algorithm with a speed optimization step
(GA_S) slightly increases the time required to obtain
a route but has the advantage of reducing fuel con-

sumption. This increase in time can be considered
quite acceptable. A basic genetic algorithm (GA) is
also run with an increased population (from 24 to
32 individuals) to simulate the operation of an al-
gorithm that would evaluate all possible speeds. The
time to find the optimal route using an algorithm
with an increased population (GA_IP) is significant-
ly longer than that of an algorithm with a speed
optimization step. Thus, it follows that GA S is
more preferable for obtaining a route with the min-
imum permissible speeds if considering the speed
of obtaining the result. On the other hand, GA IP
searches for solutions among a larger number of ini-
tial routes, which can help obtain a more preferable
route, which requires more computational time.

Next, specific examples of constructing mari-
time delivery routes for the same set of ports are ex-
amined. Both algorithms — those with and without
an additional speed optimization step — are tested.
These experiments utilized the same port map to en-
sure objective evaluation of algorithm performance.
Each test resulted in a map displaying construct-
ed routes for every feeder involved in cargo deli-
very. Additionally, a table is constructed presenting
key characteristics and properties of the calculated
routes: feeder capacities, route lengths, tour dura-
tions, vessel speeds, cargo accumulation at ports,
fuel consumption, and carbon dioxide emissions.
Furthermore, tables presenting results from the al-
gorithm with an additional speed optimization step
illustrate differences in fuel consumption and CO,
emissions.

In the initial test, the delivery routes for five
feeders are computed using the algorithm without
an additional optimization step. For the tests, the
“Wes Janine” feeder vessel is chosen. It has a ca-
pacity of 1000 TEU, a top speed of 16 knots, and an
approximate fuel consumption of 24 tons per day.
The routes are illustrated in Fig. 1, while fuel con-
sumption and CO, emissions are detailed in Table 4.

Table 2. Comparison of GA_S and GA on fuel consumption and CO, emissions

GA GA_S GA— GA_S
fuel CO, fuel CO, fuel CO,
10 356,23 1109,31 153,39 477,66 202,84 631,65
15 536,47 1670,56 192,06 598,08 344,41 1072,48
20 601,41 1872,79 222,99 094,41 378,42 1178,38
25 803,76 2502,92 309,66 964,29 494,1 1538,63
N 30 945,88 2945,47 318,97 993,29 626,91 1952,18
35 1031,52 3212,18 373,99 1164,62 567,53 2047,56
40 1230,11 3830,58 445,84 1388,35 784,27 2442,23
45 1358,58 4230,64 466,16 1451,62 892,42 2779,02
50 1473,41 4588,2 546,34 1701,31 927,07 2886,89
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Table 3. Comparison of GA, GA_S and GA with increased

population (GA_IP) on performance.

In the tables describing the characteristics of the
tour, abbreviations are used: Acc — accumulation,
Cons — consumption and d — difference.

GA

GA S

GA_IP

10 [ 0,072413961

0,072 851451

0,103 959 863

15 | 0,518 522275

0,518 782 627

1,585 358 039

20 | 1,24920349

1,249 525 882

2,045274 353

25 | 1,907 294 725

1,907 693 686

3,174 980 137

30 | 3,648222176

3,648 680 647

4,429 585902

35| 4,730 179 745

4,730 695 49

6,475 466 02

40 | 5,993 691235

5,994 274039

8,846 539 392

451 7,198 098 902

7,198 742 863

9,660 162451

50 | 8,419 610 608

8,420 315 353

11,584472 2

Fig. 1 displays highly optimal routes that faci-
litate the delivery of goods without breaching spe-
cified restrictions on feeder timing and capacity. It’s
important to note that the algorithm used to gene-
rate these routes does not account for feeder speed,
thus all feeders default to a speed of 16 knots. This
relatively high speed enables efficient port service
along the routes. Upon analyzing the constructed
route, it’s evident that the feeders handle cargo de-
livery with a margin of safety, as indicated by accu-
mulated cargo and tour durations. With a maximum
route duration set at 10 days and the longest route
lasting 6 days, it can be inferred that reducing speed
would not violate these restrictions. Furthermore,
reducing speed would also lead to decreased fuel
consumption.

24

23

Fig. 1. Route of 5 feeders with a total consumption of 648 tons of fuel built by GA

Table 4. Route of 5 feeders built by GA

Feeder 1 Feeder 2 Feeder 3 Feeder 4 Feeder 5

Capacity 1000 1000 1000 1000 1000
Distance 88,82 82,68 84,8 69,57 55,81
Days GA 6 6 6 5 4
Speed GA 16 16 16 16 16
Acc_GA 990 600 720 800 380
Cons GA 144 144 144 120 96
CO, GA 448,41 448,41 448,41 373,68 298,94
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Fig. 2 depicts feeder routes similar to those in
Fig. 1, but incorporating an additional optimization
step. In this updated calculation considering opti-
mal speeds, the trajectories of the routes have been
adjusted. The width of each route line on the graph
varies depending on the feeder speed — routes with
higher feeder speeds are represented by wider lines.

By reducing feeder speeds, updates have been
made to accumulation, duration, speed, fuel con-
sumption, and CO, emissions. The algorithm’s out-
put data are presented in Table 5. The significant
differences in fuel consumption and CO, emissions
underscore the importance of employing the addi-
tional step to optimize feeder speeds.

30

32

fret S P

) 34

23
40
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Fig. 2. Route of 5 feeders with a total consumption of 315,52 tons of fuel built by GA_S

Table 5. Route of 5 feeders built by GA_S

Feeder 1 Feeder 2 Feeder 3 Feeder 4 Feeder 5
Capacity 1000 1000 1000 1000 1000
Distance 88,82 82,68 84,8 69,57 55,81
Days_GA 6 6 6 5 4
Acc_GA 990 600 720 800 380
Cons_GA 144 144 144 120 96
Days_ GA_S 6 9 8 6 7
Speed_GA_S 15 10 11 12 8
Acc_GA_S 990 900 960 960 665
Cons GA S 118,65 52,73 62,39 60,75 21
Cons_d 25,34 91,26 81,6 59,25 75
CO, d 78,93 284,2 254,13 184,5 233,55
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Table 5 highlights that feeders 1 and 4 operate at
speeds of 15 and 12 knots, respectively, indicating they
are not operating at the lowest possible speed and thus
consume more fuel. One approach to further reduce
overall feeder speed and fuel consumption is to aug-
ment the fleet with additional feeders to distribute the
workload. To explore this, an algorithm is deployed
to construct delivery routes involving two additional
feeders. The delivery trajectories are displayed in Fig. 3.

The addition of extra feeders to the fleet result-
ed in a reduction of both the overall average feeder
speed and fuel consumption (Table 6). This reduc-
tion is attributed to the cubic relationship between
fuel consumption and speed. Despite the inclusion
of additional feeders, overall fuel consumption and
CO, emissions are effectively lowered.

The involvement of additional feeders (Fig. 4)
does not consistently result in reduced fuel con-

Fig. 3. Route of 7 feeders with a total consumption of 290,23 tons of fuel built by GA_S

Table 6. Route of 7 feeders built by GA_S

Feeder 1 Feeder 2 Feeder 3 Feeder 4 Feeder 5 Feeder 6 Feeder 7
Capacity 1000 1000 1000 1000 1000 1000 1000
Distance 86,4 90,38 71,33 32,3 63,61 31,12 34,23
Days GA 6 6 5 3 4 2 3
Acc_GA 750 810 500 180 540 100 105
Cons_GA 144 144 120 72 96 48 72
Speed_GA_S 13 13 8 8 10 8 8
Days GA S 7 7 9 5 7 4 5
Acc_ GA S 875 945 900 300 945 200 175
Cons_GA_ S 90,11 90,11 27 15 41,01 12 15
Cons_d 53,88 53,88 93 57 54,98 36 57
CO, d 167,8 167,8 289.6 177,49 171,22 112,1 177,49
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sumption or its optimal control. Firstly, maintaining
a larger fleet necessitates ongoing maintenance and
the employment of crew members for each feeder.
Secondly, despite the reduction in overall average
feeder speed, Table 7 indicates that 4 out of the 8
feeders are loaded at only 12 %. This inefficient use
of the fleet incurs high costs, both in terms of fuel
consumption and feeder maintenance.

Another alternative option considered for con-
structing optimal delivery routes involves increasing

the capacity of vessels. In the following experiment,
4 feeders are used, each with a larger capacity than
those in previous experiments (Fig. 5). If a carri-
er company possesses a sufficiently diverse fleet of
feeders, redistributing them between routes becomes
more feasible. Larger feeders facilitate transporting
more goods between ports without breaching de-
livery time constraints. Selecting the optimal fleet
composition represents a distinct, complex optimiza-
tion problem that can be addressed through various

Table 7. Route of 8 feeders built by GA_S

Fig. 4. Route of 8 feeders with a total consumption of 306,81 tons of fuel built by GA S

Feeder 1 Feeder 2 | Feeder 3 Feeder 4 | Feeder 5 Feeder 6 | Feeder 7 Feeder 8
Capacity 1000 1000 1000 1000 1000 1000 1000 1000
Distance 70,23 22,06 26,28 87.1 32,65 90,38 55,6 33,97
Days_ GA 5 2 2 6 3 6 4 3
Acc_GA 625 80 60 840 75 810 480 75
Cons_GA 120 48 48 144 72 144 96 72
Speed_GA_S 11 8 8 13 8 13 8 8
Days GA_S 7 3 4 7 5 7 7 5
Acc_GA S 875 120 120 980 125 945 840 125
Cons_GA_ S 54,59 9 12 90,11 15 90,11 21 15
Cons_d 65,4 39 36 53,88 57 53,88 75 57
CO, d 203,68 121,44 112,1 167,8 177,49 167,8 233,55 177,49
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methods — ranging from brute force searches to
heuristic approaches like genetic algorithms.

As shown in Table 8, feeders with larger capa-
cities effectively deliver goods within the designated
10-day limit, all while maintaining a minimum speed
of 9 knots, resulting in the lowest fuel consumption
and CO, emissions. Optimal utilization of feeder ca-
pacity is evident with four feeders operating at 90 %
to 93 % capacity, which is highly efficient. This fleet
composition does not require further adjustments, as

it effectively handles the delivery of goods. Altering
the set of feeders would necessitate redistributing
ports, which could increase the average speed of all
ships and, consequently, fuel consumption.

Selecting the optimal fleet composition is cru-
cial to meet delivery obligations while minimizing
delivery costs. Introducing additional feeders on the
route can reduce costs up to a certain threshold, be-
yond which feeders may operate at minimum speed
and with low loads.

Fig. 5. Route of 4 increased capacity feeders with a total consumption of 303,35 tons of fuel built by GA_S

Table 8. Route of 4 increased capacity feeders built by GA_S

Feeder 1 Feeder 2 Feeder 3 Feeder 4
Capacity 1500 1500 1500 1500
Distance 102,95 66,87 73,97 86,14
Days_GA 7 4 5 6
Acc_GA 1225 700 750 840
Cons_GA 280 160 200 240
Speed GA_S 13 9 9 9
Days GA_S 8 8 9 10
Acc_GA_S 1400 1400 1350 1400
Cons GA S 143,09 47,48 53,41 59,35
Cons_d 136,9 112,51 146,58 180,64
CO, d 426,31 350,38 456,45 562,53
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Conclusions

The introduction of a speed optimization step
within the genetic algorithm framework has proven
instrumental in reducing fuel consumption and CO,
emissions. Comparative analyses indicate that the
genetic algorithm with speed optimization consis-
tently achieves superior environmental friendliness
performance compared to the standard genetic algo-
rithm, without adding complexity to the algorithm.
This finding underscores the viability of incorpora-
ting speed optimization in route planning to achieve
substantial environmental benefits. By integrating
feeder capacity, port cargo accumulation, and max-
imum route duration, the genetic algorithm’s ca-
pabilities have been significantly expanded beyond
merely finding the shortest route. However, it is im-
portant not to dismiss the simplified algorithm with-
out these additional constraints entirely, as there are
scenarios where route planning and project mana-
gement for a single feeder or a few feeders without
strict cargo flow or timing restrictions may suffice.

The contribution of this work to the develop-
ment of algorithms for maritime cargo delivery is
evident. Compared to other studies on this topic, such
as improvements in 2-point crossovers, tour con-
straint penalties, and the influence of pseudorandom
number generators, this research introduces another
effective method for enhancing the practical perfor-
mance of genetic algorithms, specifically for mTSP.
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A.lO. PomaHoB

AIMTTOPUTM YTMPABNIHHA ®TIOTOM AJ1A NMOKPALLEHHA EKONOINYHOCTI MOPCbKMX NMEPEBE3EHDb

MpobnemaTtuka. Mopcbki BaHTaXHi nepeBe3eHHst cTaHoBMATb NoHaz 80 % MiXHapOoAHUX TPaHCMOPTHUX onepaLin, 3abesnevytoum
E€KOHOMIYHO edeKTMBHUI cnocib BeaeHHs rnobanbHOI Toprieni, 0cobnMBO BaXnMBWUIA ONs KpaiH, L0 PO3BMUBAOTLCA. YTiM, MOPCbKI
nepeBe3eHHs CUIbHO 3anexarTb BiJ BUKOMHOIO NanuBea, Lo Npu3BoauTb 40 3HaYHKX BUKMAiB Byrnekucnoro rasy (CO,) i CTBOPOE eKonoriyHi
npobnemu onst BOOHUX pecypciB. [ns BUpILLEHHS LuX Npobnem y uboMy AOCHIAXEHHI NPOMOHYETHCH PilLEHHS AN ONTUMi3auii NPoeKTiB
nnaHyBaHHS MOPCbKMX MapLUpyTiB OCTaBKU, 3MEHLLEHHS CMOXMBaHHs nanvea i Bukugis CO,,.

Meta. MeToto € po3pobneHHst anropuTMy nnaHyBaHHS MapLUPYTiB 4OCTaBKM 3a ONTUMarbHOI LLBUAKOCTI PyXy CYAEH, L0 CKNafaeTbCst
3 reHETUYHOro anropuTMy i KpOKy OMTMMI3auii LIBWAKOCTI, AN CKOPOYEHHsI CrnoXuBaHHs nanvea i Bukugis CO, nig 4ac mMopcbKoro
TpaHcnopTyBaHHsi. Kpim Toro, 6yae npoBefeHO BanifaLito OTpMMaHNX pe3ynbraTiB i NOpPIBHAHHSA edeKTUBHOCTI po3pobreHoro anroputmy
3i CTaHA4@PTHWUM reHEeTUYHMM anropuTMoM 6e3 KpoKy onTuMI3aLii LWBMAKOCTI.

MeToauka peanisadii. Y cTaTTi NponoHyeTbCA BNPOBa)KeHHS OAATKOBOrO KPOKY ONTUMI3aLlii LUBUAKOCTI PyxXy CyAEeH B anroputMm
po3paxyHKy MapLUpyTiB JOCTaBKW, WO MOXe 3HaYHO 3MEHWWUTU BUTpaTV nanvea i Bukuais CO, 6e3 36inblueHHs cknagHOCTi caMoro
anropuTMy. MapLupyT o64ncnoTb Yepes po3B’si3aHHs 3adaqvi MapLUpyTu3aLlii TPaHCMOPTHUX 3acobiB.

Pesynbrati. [JocnimjkeHHs nokasye, Lo 3aCcTOCyBaHHSA KPOKY ONTUMI3aLii WBWMAKOCTI B anropuTMi NnaHyBaHHSA MapLupyTiB Ao-
CTaBKW CYTTEBO 3MeHLLYye 06’eMu crnoxmnBaHHs nanuea i BuknaiB CO,. [opiBHAHHSA pe3ynbTaTiB eKCnepuMMEHTIB Noka3sarno, Wo reHeTUYHUI
anropvTM i3 KPOKOM OMTMMIi3aLii LUBUAKOCTI NepeBepLlye CTaHAapTHUI FrEHETUYHUIA anropuTM 3a ob6’eMamyn BUKOPUCTaAHOTO MarbHOro
i BukmgiB CO,. [leTanbHuiA aHani3 pisHux kombiHaui cknagy dnoTy nigkpecnoe HeobxigHiCTb 6anaHcyBaHHS MICTKOCTI CyAeH Ans Jocsr-
HEHHS1 MaKCUMMarbHOI ePeKTUBHOCTI [OCTaBKM BaHTaxiB. Xova 3any4eHHs1 BinbLUOi KiNnbKOCTi CyAeH CrMoYaTKy 3HWKYE 3araribHe CroXu-
BaHHSA Nanuea, HagMipHe BUKOPUCTaHHS proTy 3 HeJOBaHTaXeHVMU CyAHaMU MOXe NPU3BECTU A0 3POCTaHHS eKcrnyaTtauiiHiX BUTpaT.
Y pocnigkeHHi TakoX po3rnsiaalTbCs ansTepHaTUBHI NiAXoaM, Taki Sk 36inbLeHHS MICTKOCTI 1 Nepepo3nodin CyaeH MiX MapLupyTamu,
LLIO TaKOX BMNIMBAE Ha CMoXuBaHHs nanvea i Bukuam CO,.

BucHoBkuU. [locnigxeHHs NPONoHye yA0CKOHaNeHUA anroputmM nodyaAoBM MapLLIPYTiB MOPCbKUX BaHTaXXHWUX NepeBe3eHb, L0 BUKO-
PUCTOBYE FrEHETUYHUIA anropuTM i3 KPOKOM ONTMMI3aLii lWBMAKoCTi. AnropuTtM 3abesnevye edekTMBHE yNpaBniHHA NPOEKTaMy [OCTaBKM,
npu LUbOMY 3Ha4YHO 3MEHLUYHYM BUTpaTU nanuea i Bukuan CO, y HaBKOMULLHE cepenoBuLle. Takox onTUMarbHe KepyBaHHS CKIafoMm
oty 3abesneyye ckopoyeHHsi Bukuais CO, 3a paxyHOK edEKTUBHOMO BUKOPUCTAHHS KOXKHOTO cyaHa.

KntouoBi cnoBa: MOPCbKUA TPaHCMOPT; ynpasmiHHA (noToOM; ONTUMaribHe KepyBaHHS; MraHyBaHHA MapLUpyTiB; onTumisdauis
MapLLpYTiB; ynpaBniHHA NPOEKTaMM; CNOXUBaHHA nanvea; Bukuan CO,; onTuMi3aLis WBUAKOCTI CyAeH; reHETUYHWUIA anropuTMm.

PexomennoBana Pamoro Haniiiiia no penaxitii
akyapTeTy MPUKIATHOI MATEMATUKK 25 xoBTHS 2024 poky
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METO/I BABOPY POBOYOTI'O TUIA I ORC-LIUKJIIB YTUIIBALIIT
TEINVIOTU ITUMOBUX I'A3IB

IIpobGaemaTuka. AKTyajabHICTb BUOOPY OINTUMAJIbHOTO pOOOUYOro Tijia ISl KOHACHCALIMHMX TEIJIOOOMiHHMKIB, 1O
Mpalm0Th Ha OCHOBI opraHiuHoro ukiay Penkina (Organic Rankine Cycle (ORC)) Ha ra3oBux eHepreTUUHHUX i BO-
JIOrpiiHMX KOTJIaX 3 YTUJIi3alli€lo TeIJIOTU BiIXiTHMX Ira3iB, MOB’sI3aHa 3i 3pOCTal0U0I0 MOTPe00I0 B eHEProeeKTUBHUX
TEeXHOJIOTisIX Ta HEOOXiAHICTIO 3a0e3MeYynT MaKCUMaJIbHY €(PeKTUBHICTbh CUCTeM TeHepallil 3a MiHiMaJIbHUX BUTpAT.
Otxe, Ha 4Yaci JOCiIXKEHHsI BJIACTUBOCTEN Pi3HUX pOOOYMX PEYOBMH Ta CIEUUPIKU X ONTUMAIbHOTO BUKOPUCTAHHS
3 ypaxyBaHHSIM YMOB pOOOTU KOHKPETHOI'O OO0JagHaHHSI.

Mera pocaimkennsa. OOrpyHTyBaHHSI BUOOpY poOOUYOro Tijia ISl CUCTeMU YTUIIi3allil Teruia 3 KOHAeHCAlliiHUM TeTLI0-
OOMIHHUKOM i TypOiHOIO, siKa mpaioe Ha ORC Ha ocHOBI eHepreTnyHoro koriaa E-480-560-140 TM.

Metoauka peamizanii. HaykoBuit migxin y 1bOMy JOCTIIXKEHHI I'PYHTYETbCS Ha MOPiBHsIbHOMY MeToni. Llei mimxin
nepeadavyae MOPiBHSIHHS Pi3HUX BapiaHTiB OpraHiuYHMX poOOYMX TijI 32 JOMOMOTOIO OIJISIAYy HAayKOBUX JXKepesa i Mofde-
JIIOBaHHI iX poOoTH 1jis HasiBHUX yMOB. Ilim yac orsiay jiTepaTypu aHalli3yBaJaucs MiIXOIM, 1110 BXKe 3aCTOCOBYBAIMCS
B IHIIMX OOCJIIXKEHHSIX i Ha mpakTulli. MoaemoBaHHsI poOOTH POOOUYMX Til JO3BOJMIO OLIHUTU iX €(PEeKTUBHICTD i
MOPUOATHICTD IJIsI KOHKPETHOI CUCTeMU 3 ypaXyBaHHSIM ii mapaMeTpiB Ta 0OMeXeHb.

Pe3yabraTu nocuimkenns. [logaHo nepesiik eheKTUBHUX OPraHiYHUX TiJ HA OCHOBI OTJISIY JIiTepaTypu Ta pe3ysibTa-
TiB TE€XHiKO-€KOHOMIYHOI0 i MaTeMaTUYHOI0 aHaji3y. AJITOpUTM BUOOPY poOOUYOro Tijia IPYHTYETHCS HAa OTPUMaHUX
pe3yJabTaTax HOCIIIXKEHHS i BpaXOBYyE KpUTepii eHepreTuyHoi e(heKTUBHOCTI, CYMiCHOCTI 3 IapaMeTpaMu CUCTEMMU,
CTIAKOCTi M0 KOpO3ii i 3HOLIYBaHHsS, a TaKOX JOCTYIMHOCTI Ta BapTOCTi poOOYMX PEYOBUH. 3 ypaxXyBaHHSIM ILIUX
KPUTEPiiB i BUCHOBKIB JAOCIiIXKEHHS MPUAATHUMM JJISI 3aJaHOI CUCTeMHM € Taki poboui tinma: R717, R245FA, R123,
R141B.

BucnoBkn. /Iy ymoB 3amaHoro mpoekty amiak (R717) € HalOiIbll OONTUMadbHUM poOOYMM TiioM. Take pillleHHs
Moxe OyTH 3aCTOCOBAaHO 0 aHAJOTIYHMX YMOB MPOEKTIB 3 yTWi3alii TEIUIOTU AMMOBMX Ta3iB MPOIYKTIB 3ropaHHs
npupoaHoro ragy 3a goromorow ORC-uukiiB.

KoouoBi cioBa: KoHOeHcalliliHUII eKOHOMali3ep; opraHiuHe pobOoue Tijo; TypOiHa Ha opraHiyHoOMy LMK PeHkiHa;
KOTeJI; TeMIlepaTypa; TUCK; TeIuioTa mapoyTBopeHHs; Butpara; ORC.

Beryn

PoGoue Tino B ORC Mmae BaxiuBy (yHKIIiIO
rnepenaBaHHs TEIJIOTU i TIEPEeTBOPEHHS ii B poOOTY.
BukopucraHHsI opraHiyHUX piiuH abo rasiB sIK po-
0oyoro Tijla M03BOJISIE 30LIBLIMTU €(PEKTUBHICTh
CUCTEMM YTWJIi3allil TeroTu i OTpUMaTH A0JaTKO-
By poOOTy i3 jKepen, sIKi iHIIMM YMHOM Oyau O
HEBUKOPUCTAaHMMU. TakuM 4YMHOM, poOOYEe TijIo €
kouoBuM KomroHeHToM ORC y cucremax yTuJti-
3allil TeTJIOTH, 1O BIUIMBAE Ha €(EKTUBHICTh LIU-
KJIy Ta KOHCTPYKTUBHI 0COOJIMBOCTI 0OJIagHAHHSI.

AHaji3 BuMOOpYy poOOYOro Tija IPOBEACHO
IIJISE YMOB pOOOTHM KOHIEHCALIMHOTO TEIIOOOMIiH-

HUKa, SIKMI YTWUJIi3y€ TEIJIOTY JMMOBMX rasiB Bif
€HEepPreTUYHOro KOoTJIa Ha MPUKIIAAi KoTjoarperary
E-480-560-140 I'M, 1o mpaiioe Ha IPUPOTHOMY
rasi B giarna3oHi HaBaHTaxXeHHs Bin 240 mo 480 1/T.
Terutora, mo BimOMpaeTbcsd Big IMMOBUX Ta3iB,
nepeaaeTbcsi podboOYOMY Tily, sIK€ MEePeTBOPIOETH-
csl Ha Tapy i HaaxoauTh Ha TypOiHy. TypOiHa,
mo npautoe 3a ORC, BupoOise 1ogaTKoOBY eleK-
TPOEHEPTIIO.

Ha Binminy Bim TpamgnuiiHnxX UMKIIiB PeHki-
Ha (mapoTypOiHHI eHepreTUYHi UMKIW), SIKi BU-
KOPHUCTOBYIOTh K poboue Tiio Bomy, ORC Bu-
KOPUCTOBYIOTh iHIIII HeOpraHiyHi Ta OpraHiuHi
PITVHU.

IIpono3uuis s muryBanHsa miei crarri: €.B. HoBakiBebkuii, A.B. Heninbko, “Merton Bubopy pobouoro Tina mis ORC
LIMKJIB YTWTi3aLil Ter10TH TMMOBUX Ta3iB”, Haykosi éicmi KITI, Ne 1, ¢. 56—62, 2025. doi: 10.20535/kpisn.2025.1.321969

Offer a citation for this article: Ye.V. Novakivskiy, A.V. Nedilko, “Method of selecting the working body for ORC
cycles of flue gas heat recovery”, KPI Science News, no. 1, pp. 56—62, 2025. doi: 10.20535/kpisn.2025.1.321969
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ITocTanoBka 3amaui

Bubip pobGouoro Tina st KOHAEHCaliHHOTO
ekoHomaiizepa y cuctemi 3 ORC-TypGiHOWO 3aje-
KUTb Bill HU3KU (PAKTOPiB 3 TaKUMU XapaKTepHC-
TUKaAMMU:

— MapaMeTpyd IMMOBHMX Ta3iB KOTJa — CKJaj
i TeMmnepatypa AMMOBUX Ta3iB BILIMBAIOTh Ha BUOIp
poboyoro Tijia Ta €(PEKTUBHICTb CUCTEMU;

— MMOTO/IHI YMOBM PETiOHY — TemIleparypa Ha-
BKOJIMILIHBOTO CEPEIOBUILIA, A€ PO3MIlllEHO YCTAaHOB-
Ky, BILUIMBA€E Ha BUOiIp poOoyoro Tija Ta eheKTUB-
HICTb BCi€l YCTAaHOBKU;

— JIOCTYITHICTh 1 BapTicTb poboyoro Tina —
BIUIMBAIOTh HA €KOHOMIiUHi MOKa3HUKU POOOTH BCI€l
YCTaHOBKU;

— FeOMETPUYHiI XapaKTEPUCTUKU OOaaHaH-
HSI — TeOMETPUYHiI OOMEXEHHS KOHJeHCalliliHOTO
eKOHOMali3epa i TermI000MiHHOI IUIOIII BILUIMBAIOTh
Ha BUOip pobouoro Tisia Ta ePeKTUBHICTb TEeMI000-
MiHY;

— €KOJIOTiYHi 0OMeXeHHS — BIUIMBAIOTh HA Ha-
BKOJIMIIIHE CEepeloBUILE i HAa OOCIYroByIOUMid Tep-
COHaJl, a TaKOX Ha BMUOip poboyoro Tijna.

TemnepaTypHUil AianazoH poOOYoro Tija 00-
MEXYETbCS TEMIMEpaTypor JAMMOBHMX Tra3iB Ha BU-
XOJli 3 KOTJIa i TeMIepaTypolo HaBKOJUIIHbOTO Ce-
penosuiia. TeMnepaTypa AMMOBUX Ta3iB BM3HAYA€E
MaKCHUMaJbHY TeMMepaTypy W TUCK KUMiHHS pobo-
YOro TiJla Y BUMAPHUKY, SIKUI BUKOHYE (PYHKIIiIO
yTujizaTopa TerjaoTu. TemmepaTypa OXOJOMXKEHHS
poboyoro Tijla BU3HAYAETHCS TEMIEpPaTypol0 Ha-
BKOJIMILIHBOTO MOBITPs 200 0XO0JIOIXKYBAJIbHOI BOJIU.

MeTtoay mocaimKeHHsa

Ilin yac BHOOpPY ONTMMAaJbHOTO pPOOOYOTrO
TiJla 3acTOCyBajocsg MaTeMaTUYHE MOJETIOBaHHS
ORC-1uKIiB Ta iX TeXHIKO-eKOHOMIYHUI aHasi3
3a 3aJaHMX TapaMeTpiB BEPXHbOTO i HUXKHBOTO
JKepea TersioTh. Takoxk 3acTOCOBYBaBCS TEXHiu-
HUI aHali3 TemIo(i3UYHNX BJIACTUBOCTE poOOUMX
TiJ1 Ha TIPUIATHICTh BUKOPUCTAHHS 3a 3aJaHUX Ta-
pameTpiB [1].

Pe3yabTaT TEXHIYHOro aHaJi3y

ITin yac BUGOPY poOOYOro Tija st KOHKPETHO-
ro 3actocyBaHHs1 ORC Tpeba BpaxoByBaTu Teriodi-
3WYHi MapaMeTpyu poOOYOro Tija (TUCK, TeMIleparypa,
MNpUXOBaHa TEIJIOTa TapOyTBOPEHHS, TeMIieparypa
crajiaxy, MUTOMa TeTUIOEMHICTb, TeTUIONPOBIHICTD),
a TaKOX acmeKTu Oe3IeKu, BapTOCTi, JOCTYITHOCTI,
TOKCUYHOCTI, XIMIiYHOI CTaOIJIbHOCTI 3a BMCOKUX

TeMIiepaTtyp i TpMBaJIOr0 BUKOPMUCTAHHS, a TaKOX
BIUIMBY Ha HAaBKOJMUILIHE cepenoBuile. KputuuHa
TeMmIeparypa i TUCK MPOMIXKHOTO TEIJIOHOCIsI Ta-
KOX MaroTh OyTM BpaxoBaHi IIOAO TeMIlepaTypu
Jokepesa teruia. MakcuMaabHUM TUCK 1 TemIiepary-
pa y uMKii MaroTh OyTy npuHaiiMHi Ha 10 °C HUX-
YUMU 3a KPUTUYHI 3HAYEHHSI poOOYOro Tija.

Kpim Toro, nia yac Bubopy podbouoro Tija ciif
BpaxoByBaTH (paKTOpPY BIUIMBY Ha HABKOJIMILIHE Ce-

penoBullle — IOTEHILiaJl PYMHYBAaHHS O30HOBOIO
mapy (ODP) i moreHmian rj1o00aabHOr0 NOTEIUIIHHS
(GWP) [2].

PoGoui Tina, BMKOPUCTOBYBaHi y cucTeMax
ORC, MOXHa MOAITUTU Ha TPU OCHOBHI KaTeropii:
Cyxi, BOJIOTi Ta i3€HTPOIMIYHI 3aJIeXKHO BiJ 1X IO-
BOJKEHHSI MiJ 4ac aniabaTMYHOro pPO3LIMPEHHS.
Kputepiit Bosorocti (abo cyxocti) poboyoro Tina
BUMIPIOIOTh BEJIMUYMHOIO, SIKY BU3HAUYalOTh SIK [2]

E=ds/m. (1)

Takum uuHOM, 3HayeHHs1 & >0 BKasye
Ha Cyxy piiuHy, & ~ 0 — Ha i30€HTPOMIUYHY PiAUHY,
a & <0 — Ha BoJjory piauny |[3].

Cyxi piguHU — 1Ie¢ PiIVMHU, B SKUX BCi 3MiHU
CTaHy BigOyBalOTbcsl 03 3MiHU (ha30BOIr0 MEPEXoay
3a MEBHUX yMOB LUKy (puc. 1). JUid BUKOHAHHS
JOCiIKEHHS aBTOPU BMKOPHUCTOBYBAIM TMPOrpam-
Huit komrieke Coolpack [4], sikuii 103BOJISIE Bino-
Opa3uTu MOTpiOHI AiarpaMu MJIsl BUBHAYEHUX POOO-
YUX TiJ.

Bogori pinuHu — 11e piauHu, SKi MiCTSITh napy
1 MOXYTb B3aEMOJISAATU 3 JOJATKOBUMM KiJIBKOCTSI-
MU BOJSHOI Mapu abo iHIIMX JETKUX KOMITOHEHTIB
i 4Jac BUIIApOBYBaHHSI, KOHIEHcalil abo Harpi-
BaHHsI. BoJsiori piiMHM MOXYTb MaTH KiJibKa CTaHiB
MapoyTBOPEHHST a00 KOHACHCALIil y TIepediry InKiIy
(puc. 2) [4].

I3eHTpomivyHI pigvHU — L PIAMHU, LIS STKUX
MpolLieCH Y KOMIIpecopi abo TypOiHi BBaxKalOTh i3€H-
TponiunnMmu. Lle o3Havae, 110 SHTPOIIIST 3a/IUIIAETh-
Csl KOHCTAHTHOIO, i MOXHA pO3MISLAATU i MPOLEeCcU
y TeIUIOBiii MalllMHi SIK imeajqbHe poboue Tito |[2]
(puc. 3) [4].

I3eHTpOMiuHi i CyXi piIMHU LLIMPOKO PO3TJIsiaa-
I0Tb SIK HalKpallli JUIsl 3aCTOCYBaHHSI Yy CYOKPUTHY-
Hnx ORC mepeBakHO 3 METOI0 YHMKHEHHSI YTBO-
peHHs Kpamnejab pimuHu. Ko KpuBa HaCUYEHOI
napy CyXoi pilMHU BCepearHi TypOiHU Pi3KO Bimxu-
JISIETHCS, TIapa MOXe HaJAMIpHO BUXOAUTH 3 TypOiHU
i3 3HAQUHUM CTYIEHeM TeperpiBy, 1110 MOXe BUKJIU-
KaTu 3aiiBe 30ibLIEHHSI HaBaHTaXKEHHSI Ha OXOJIO-
JDKEHHST KOHAeHcaTtopa. YTiM, MOXHa 3a3HauMTH,
1110 TIEePErpITy Mapy, 1110 BUXOAUTH i3 TypOiHU, MOXHA
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e(eKTUBHO BUKOPUCTOBYBAaTH, 3a0€3MEUYUBIIN pe-
reHepalilo MixX XKUBWIBHUM HaCOCOM i KOTJIOM/BH-
MapHUKOM — 11€ TTOKPALIUTb €(PEKTUBHICTb CUCTEMU
3a PaxyHOK ONTHMMaJbHOTO BMKOPMCTAaHHS Terlia
y TIpoleci KoHAeHcalii AuMoBuX rasiB. OCKUJIbKU
omnucyBaHa cucrtema [1] mpaitoe 3a paxyHoK (a3zo-
BOTO TE€peXo/ly PilvH, JJIsl aHajli3y BUKOPUCTAEMO
JIMIIIE BOJIOTI PiIMHM, a CyXi piIMHM OOJaMO IS
MOPiBHSIHHS.

BoJori pinnHu BuMararoTh 10AaTKOBOTO Tepe-
rpiBy yepe3 BUHUKHEHHSI BOJIHEBOTO 3B’S3KYy B MO-
JIeKyJiax JAessKMX OpTaHiYHUX poOOYMX PiMH, TaKUX

K BOJA, aMiaK Ta €TaHOJ — 1€ BBaXKalOTb MOTEH-
LIHOIO IIPUYMHOIO BOJOTOYTBOPEHHS Y AESIKUX pi-
NMHaX 4yepe3 OLIbIYy €HTaIbIIiI0 NapoOyTBOPEHHS.
ITig yac gocmimKeHHS IPOILYKTMBHOCTI CUCTEM
ORC 0ys10 TIpoBeicHO aHalli3 BUKOPUCTAHHS PO0O-
yux T, a came R-134a, R-245fa, GeHsony, Mera-
HOJIy, eTaHOJIy, aleToHy, nporaHy (R-290) Ta amia-
Ky [2]. Lli poboui Tia € HANOINBLI TMOLIMPEHUMU
3-TIOMiX THUX, 1110 BiINOBIiAAlOTh KPUTEPisIM JIST KOT-
na E-480-560-140 I'M (ta6a. 1). JocimkeHHsT 0YI0
MPOBENCHO MJIsl TeMIIepaTypHOro Aiara3oHy ITUMO-
Bux rasis 107—124 °C. Temnieparypy BUIIApOBYBaHHS
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3MiHIOBaJIM, 3MIiHIOIOUM TUCK pobovoro Tina. II[o6
BU3HAUUTHU (Di3WUHiI BJIACTUBOCTI POOOUMX Tij, Tif
yac MOIETIOBaHHS BUKOPHUCTOBYBAJIU IIPOTpaM-
He 3a6esneueHHss CoolProp [6]. Kpim Toro, Gyio
pO3pO0JIeHO aHANTUYHY MOAEIb JJIs OLIiHIOBAaHHS
MOKA3HUKIB €(EeKTUBHOCTI, BKIIOUAIOYM TEILJIOBY
e(EeKTUBHICTb i MUTOMY MacOBY BUTpPATy CUCTEMU
ORC mis koxxHOro pobovoro Tina.

st obamHaHHS, SIKE€ PO3IJISIIAETHCS, TEMIIe-
patypa DMMOBHUX Ta3iB Ha BUXOMi 3 AMMOCOCA CTa-
HOBUTH 107—124 °C 3ajexXHO Bil HaBaHTaXXEHHS
koTia (tabna. 1). Taka TemmepaTypa oOyMOBJIeHa
noTpedo0 3amobirTM KOHJEHCallil BOASIHOI TMapu
3 TMMOBMX Ta3iB y Ta30BMX TpaKTaxX i B JIMMOBIii
TpyOi 1ig yac poboTH Kotjia. MakcuMalbHUI TUCK
poboyoro Tijla 3ajJeXUTh BiJl TeMmIlepaTypu AUMO-
BUX T'a3iB Ha BUXOJli 3 BUITapHMUKA. 3aJIeXKHICTh CTa-
HOBUTH CO00I0 30iJBIIEHHS THCKY poOOYOro Tijia
y pa3i 3MeHIIIeHHs TeMIlepaTypy TUMOBUX Ta3iB.

V npoueci DOCTIIKEHHSI TEeXHIYHUX XapaKTe-
puctuk cucrem ORC 3ajiexxHo Bim pobOoyoro Tina
OyJI0O BUKOPMCTAHO YMCENIbHE MOAeToBaHHSA. TeMm-
repatypy ¥ THMCK Yy BUNIAPHUKY 3MiHEHO, 1100 OIlli-

Tabauys 1. TlapameTpy TUMOBMX ra3iB

HUTU BIUIMB Ha TerUIOBY e(eKTUBHICTb i MacoBY
BUTpaTy Ha OJMHMIIO BUXiAHOI notyxxHocTi ORC
3a pi3HUX poOOUYMX yMOB. ¥ BHOOpi poOOYOro Tijia
BOXJIMBUMH XapaKTEPUCTUKAMHU € THUIT PpOOOYOTO
TiJla, TEIJIOTa MapOyTBOPEHHSI, TeMIiepaTypa mapo-
YTBOpEHHSI, KPUTUYHI TeMmIiepaTypa # THUCK, a Ta-
KOX ToTeHUiasl riobanbHoro mnorerutiHHs (GWP)
3 ypaxyBaHHsIM 100 pokiB i MoTeHLiaJ pyiHyBaHHS
o3oHoBoro 1apy (ODP). Taki xapakTepuCTUKU Ha-
BEACHO y TaOI. 2.

3 orismy Ha BJIACTUBOCTI, HaBedeHi y TalJ. 2,
cyxi poboui Tia, Taki sk R236EA, R1234ZE ta R11,
BUSIBJISIIOTHCS IPUAHATHUMU 3 OTJISIAY Ha iXHi KpH-
TUYHI XapakTepucTuku. 3JokpeMa, R11 BUpi3HSIETh-
Csl BUCOKOIO TeMIEPATYpOIO KUITiHHS, 110 JO3BOJISIE
3a0€3MeYrTH OiIblll HU3bKUI POOOUMI TUCK MOPiB-
HSIHO 3 IHIIMMM pinfnHaMu. YTiM, CJIiI BpaXoByBaTu
ioro Bucokuii koediuienr GWP, 110 Bukiukae 3a-
CTepeXKeHHS 11010 MOro 3aCTOCYBaHHS.

Cepen BoJIOTUX pPOOOYMX piIMH, 3 OIJISIY
Ha TEIJIOTY ITapOyTBOPEHHSI, ONTUMaIbHUMU € R123,
R245fa, R141B i1 nHacamnepen amiak (R717). YTim,
poboue Tino R245fa mae 3naunuii koediienr GWP,

Bemmuwnna Po3MipHicTb ITokasHuk
IToTyXHicTh OJI0Ka % 50 58 66 75 83 91 100
TTpoayKTHBHICTH KOTJIa T/T 240 280 320 360 400 440 480
Temnepatypa MpoiyKTiB sropans °C 107 | 110 | 113 | 115 | 118 | 121 124
Ha BUXOJIi 3 KOTJIa
EnTanbnist NpOAyKTiB sropaHst KK /M 2454 | 2524 | 2594 | 2641 | 2711 | 2782 | 2852
Ha BUXOJI 3 KOTJIA
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Tabauys 2. XapakTepuCTUKKU POOOUUX Tij
Tennora Temme- Mote- KpuTuuHi BIacTUBOCTI
Po6oue Tun 11apoyTBO- paTypa KyJISIpHa
TiJ0 p06Tio;aoro (ﬁ) eg;; KUITIHHS Maca, TeMIiepa- THUCK, GWP ODP
) ° °C 0

KK /KL (1 6ap), °C | «kr/™mMoib Typa, ap
Bomna Moxpuit 2257 99,61 0,018 373,95 220,64 0 0
R717 Moxpuit 1368,46 -33,58 0,017 132,41 113,63 0 0
R141B Moxpuit 236,23 31,67 0,1169 204,35 42,12 630 0,11
R123 Moxpuit 227,65 27,46 0,1529 183,68 36,72 77 0,02
R245fa Moxpuit 219,56 14,72 0,134 153,86 36,51 1030 0
R134a Moxpuit 215,05 -26,36 0,102 101,06 40,59 1300 0
R236EA Cyxuii 207,2 5,85 0,152 139,29 34,2 710 0
R114 Moxpuit 180,45 3,25 0,1709 145,68 32,57 10 000 0
R11 Cyxuii 180,45 23,34 0,1374 197,91 43,94 4000 1
R1234ZE Cyxuii 174,92 -19,27 0,114 109,37 36,35 6 0
R1234YF Moxpuit 163,07 -29.,78 0,114 94,7 33,82 4 0

1110 BUKJIMKAE 3aCTEPEXKEHHSI 10 MOro BUKOPUCTAHHSI.
PobGoui tina R245fa, R123 ta R141B maoTb BUCOKY
TeMIepaTypy KWITiHHS, 1110 POOUTH iX TaKOX MpU-
WHATHUMU IS po3risiay. Podoue tino R114 3ano-
BOJIbBHSIE MPUUHSATI BUMOTM, MPOTE MAE HEBUCOKY
TEIUIOTY TapOyTBOPEHHSI i HU3bKY TeMMepaTypy
KUITIHHS, a TakoxX HaiBuiuii koediuieHtr GWP,
110 CMIOHYKA€ BiIMOBUTHUCH BiJl BUOOPY TaKOTro po-
6ouoro tisia. Amiak (R717) Takox Mae 3ag0BiJbHi
KPUTUYHI BJIACTUBOCTI, ajle MAa€ HU3bKY TemIlepa-
Typy KMITiHHSI, 1110 BUMAara€ 3Ha4HOTO MiJABUILEHHS
tucky. Taki poboui Tina, ik R134a ta R1234YF,
HEe MOXYTb OYTM 3aCTOCOBaHi 3a MPUUHSTUX YMOB
yepe3 He3al0BiIbHI KPUTUYHI BJACTUBOCTI, OCKiJIb-
KW KpUTUYHA TeMmIieparypa Ma€ OyTH LIOHAWMEHIIIe
Ha 10 °C Bu1IOIO, HiXK pO3paxyHKOBa TeMIIepaTypa
Yy BUTIApHUKY.

Bona, y cBoto uepry, BUPI3HSIETbCS BEJIUKOIO
TEIJIOTOI0 MapOyTBOPEHHS i KPUTUMUYHUMMU Tapame-
TpamMu, 3a0e3meuyround e(MEeKTUBHICTb y IIHMPOKO-
My TeMIlepaTypHOMY Aiara3oHi, ofHaK ii BUKOPU-
CTaHHS oOMekeHe yepe3 HeoOXiIHICTb CTBOPIOBATU
U miATpUMYBaTH Big’ €eMHUIA TUCK Y BUIIAPHUKY.

3 oSy Ha BUILIEHaBEAEHE MOXHa 3pOOUTHU
BUCHOBOK, 10 3aJ0BUILHUMM POOOUYMMMU TilaMU
JUIS1 1OCJiKyBaHoiI cuctemu € amiak (R717), R123,
R245fa Ta R141B.

Binomo, mo Termosuii KKJI cucremu 3pocrae
3i 30UIbIIEHHSIM TUCKY Y BUTTAPHUKY, aJIe 3MEHIIYETh-
csl 3 TABUILIEHHSIM TeMIlepaTypu KOHIeHcaTopa [2].

g onTuMizailii  MPOAYKTUBHOCTI  LIMKITY
OyJ10 BMKOPMCTAHO IaKeT IMPOrpaMHOro 3ade3re-
yeHHs PyCharm [7], moemHaHuili 3 06i0aioTeKoro

CoolProp [6]. Lo onTuMizaliio MpoBOAMIN 4Yepe3
iTepaliiHUi npouec. Y pe3yabTaTi OTpUMMaHO Mak-
CUMaJIbHY TEOPETUYHY TEIIOBY €(PEKTUBHICTh (ife-
aJlbHUM 1MKJT) i MakKCUMaJbHY (PaKTUUHY TEIIOBY
eeKkTUBHICTh (pealbHUil 1MKI). TakoxX oTpuma-
HO ONTUMAJIbHUU TUCK y BUITAPHUKY JJISI CUCTEMU
ORC, sk nmoxka3aHo y Ta0Oi. 3.

Pe3yJILTaTl/I MAaTEeMATHYHOI'O MOJETIOBAHHSA

MogaentoBaHHs edekTuBHOCTi podotn ORC
Oys0 mpoBeneHo 3a gonomMoroto nakera CoolProp
[6] mst BUSIBIGHHSI ONTUMAIbHUX POOOUYMX TiJI 3 OT-
asay Ha KKJI mapotyp6iHHOTO LMKy, 3a 3aJaHUX
yMmoB [1], a came:

— TeMIeparypa y KoHgeHcaropi (¢,) = 20 °C;

— TUCK y KOoHIeHcaropi (p,) = f(1,);

— temneparypa BunapHuka (z,) =90 °C;

— TUCK y BUNIApHUKY (p;) = f(#));

— Temneparypa naponeperpisHuka (#,) = 120 °C;

— TUCK y MaponeperpiBHuKy (p,) = f(1,).

KoedilieHT KopucHol Jii po3paxoByBaiu
3a hopmyJoro [8]
h—h
n=-—_—=, (2)
hs - hz

ne n — KKI;
hs — eHTasbIisl Mapyu Ha BUXOAi 3 Taporiepe-
rpiBHMKA Iepea TypOiHOIO;
hg — eHTaJIbMisl TapyU HA BUXO[I 3 TypOiHU;
h, — eHTaJIbIisl apy Ha BUXO[i 3 KOHJAEHCATOpa.
PesynbTaTu MoaetoBaHHSI HaBeJeHO y TaoJI. 3.



MALWNHOBYOYBAHHA 61

Tabauus 3. EdeKTUBHICTD BUKOPUCTAHHS pOOOYMX TiT 3a 3aJaHUX MapaMeTpiB

PoGoue IneanbHMit PeanbHuii Tuck y BUnapHuky, Tuck y KonaeHcaropi, BapricTts,
TiJIO K, % ki, % MITa MTIla I'pH/KT
R245FA 34,72 34,03 1,01 0,123 1495,00
R123 31,03 30,41 0,62 0,075 4488,00
R141B 27,75 27,19 0,54 0,065 600,00
R717 18,42 18,05 5,12 0,823 22,50

AHai3 OTPUMAHNX Pe3yJIbTATIB

3-TOMiX MpoaHali3oBaHKUX POOOUMX TiJl amiak
(R717) tTa R245FA MoxHa BBaxaTW HaiKpalluMmu
BapiaHTamMu ISl OaraThboX yMOB eKCIuTyaTallii cuc-
tem ORC. Bapro 3a3HaunTH, 1110 1i poOOYi Tijla Ma-
IOTb CBOi OCOOJIMBOCTI Ta BUMOTHU:

1. Amiak (R717):

— BUMAara€e BUCOKOro podouoro Tucky (5 MIla),
1110 3a0e3MevyeThCsl MOTOBILIEHHSIM CTiHKM TpyOH,
a TaKOX BCTAaHOBJIEHHSI OiIbII TOTYXHOTO Ha-
COCHOI'0 00JIaJHAHHS;

— Ma€ LMPOKUI TeMInepaTypHUid diama3oH Bil
=33 nmo 132 °C, 1o a03BOJISIE BUKOPHUCTOBYBATHU
iOro B pi3HUX YyMOBaXx;

— Ma€ BHCOKY TEIJIOTY NapoOyTBOPEHHS, IO
JIO3BOJISIE 3HU3UTU BUTpATy pobOYOro Tijna;

— He BMMAara€ exeKTopiB i 3abe3reueHHs
KOHJIeHCaIlii;

— JIellleBUIA i 3araJJbHOAOCTYITHUIA.

2. PobGoue Tino R245FA:

— MoTpedye He3HAYHOTO 30iJIbLLIEHHSI POOOYOTO
tcky (1 MIla);

— Ma€ BeJIMKMUI TeMmepaTypHU diara3oH Bif
14 no 153 °C;

— He BMMAara€ exeKTopiB i 3abe3reueHHs
KOHJIeHCaIlii;

— Ma€ HU3bKY TEIJIOTY MapoyTBOPEHHS, IO
301IblIIyE BUTpPATy poOOYOro Tijia;

— Mae Bucokuii kKoediuieHtT GWP, 1o Moxe
OyTU TiICTaBOIO 111 OOMEXEHHS Oro 3aCTOCYBaHHSI.

3. PobGoue Tino R123:

— noTpedye HEe3HAYHOIO 30iIbLICHHS pPoOOYO-
ro tucky (0,6 MIla);

— Ma€ BEJIMKWI TeMrepaTypHUId Jliana3oH Bil
27 no 183 °C;

References

— BUMara€ CTBOPEHHS BiJl’€MHOTO TUCKY JUIsl
3a0e3reyeHHs] KOHAeH callii;

— Ma€ HU3bKY TEIJIOTY MNapoOyTBOPEHHS, IO
30iJIBIIIYE BUTpATy POOOYOTO Tija;

— Ma€e Bucokuii koediuieHt GWP, yepe3 1o
3a00pOHEHUI JJ11 BUKOPUCTAHHS Y KpalHaX-4IeHax
€sponeiicbkoro Corozy [7].

4. Po6oue Tiio R141B:

— BUMara€  BHCOKOTO  pOOOYOTO  THCKY
(0,5 MIla), mo 3abe3neuyyeThcsl MOTOBIICHHSIM
CTiHKM TpyOM, a TaKOXK BCTAHOBJICHHSIM OLIbILI MO-
TY>KHOT'O HACOCHOI0 OOJIaIHAHHSI;

— Ma€ IIUPOKUI TeMIlepaTypHUl Aiana30H Bif
31 go 204 °C, 1m0 103BOJISIE BUKOPUCTOBYBATH HOTO
B Pi3HMX YMOBaX;

— Ma€ HU3bKY TEIJIOTY NapOyTBOPEHHS, IO
301JIbIIIYE BUTPATy pOOOYOTro Tija;

— BUMAara€ CTBOPEHHs Bill’€MHOTO THUCKY JUIS
3a0e3reyeHHs] KOHAeH callii;

— JellieBe Ta 3arajJbHOMOCTYITHE.

BucHoBku

YV po6oTi onmMcaHoO METOAMKY, 110 I'PYHTYEThHCS
Ha IMOPiBHSUILHOMY METO/i, Y MeXax SIKOi IpoBee-
HO aHaJli3 HasBHUX OpPraHiYHMUX poOOYMX Til Bim-
MOBIAHO A0 BUMOT 3aJaHOro MpoeKTy [1]. 3-momix
PO3IJISTHYTUX BapiaHTiB POOOYMX PEUOBUH amiak
(R717) BUSIBUBCSI HAMOIIbII ONTUMAIbLHUM 3 OLJISI-
Iy Ha MOTro e€(eKTUBHICTb, MOLIUIBHICTH i BapTiCTh.
OOpaHe pilleHHS, a TaKoX pPo3polbiieHa MeToaMuKa
BUOOpPY poOOYOro Tijia, MOXYTb OYTH YCHIiLIHO BU-
KOPMCTaHI y CXOXMX IIPOEKTax 3 YTWIi3alli€lo Te-
IUIOTU IMMOBUX ra3iB IMPOAYKTiB 3ropaHHs IPUPOJI-
Horo ra3y 3a gornomoro ORC.
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Ye.V. Novakivskiy, A.V. Nedilko

METHOD OF SELECTING THE WORKING BODY FOR ORC CYCLES OF FLUE GAS HEAT RECOVERY

Background. The choice of the optimal working fluid for condensing heat exchangers operating based on the organic Rankine cycle
on gas-fired power and water boilers with waste gas heat recovery arises due to the growing need for energy-efficient technologies and
the need to ensure maximum efficiency of generation systems at minimal costs. This requires studying the properties of various working
fluids and their optimal use, taking into account specific operating conditions, and addressing the lack of research for specific equipment
conditions.

Objective. The purpose of the paper is to justify the choice of the working fluid for the heat recovery system with a condensing heat
exchanger and a turbine operating on the organic Rankine cycle based on the E-480-560-140 GM power boiler.

Methods. The scientific approach in this study is based on the comparative method. This approach involves comparing different
options for organic working fluids through a literature review and modelling their operation for existing conditions. During the literature
review, approaches that have already been used in other studies and practices were analyzed. Modelling the operation of working fluids
made it possible to assess their efficiency and suitability for a specific system, considering its parameters and limitations.

Results. A list of effective organic bodies is presented based on a literature review and the results of technical, economic and
mathematical analysis. The algorithm for selecting a working body is based on the obtained research results and takes into account the
criteria of energy efficiency, compatibility with system parameters, resistance to corrosion and wear, as well as the availability and cost
of working substances. Taking these criteria and research conclusions into account, the following working fluids are suitable for the given
system: R717, R245FA, R123, R141B.

Conclusions. For the conditions of the given project, ammonia (R717) is the most optimal working medium. This decision can be
applied to similar conditions of projects on heat utilization of flue gas products of natural gas combustion using ORC cycles.

Keywords: condensation economizer; organic working body; turbine on the organic Rankine cycle; boiler; temperature; pressure;
heat of vaporization; consumption; ORC.
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A METHOD FOR PROTECTING DIGITAL ASSETS FROM PERMANENT LOSS
IN THE EVENT OF PRIVATE KEY LOSS

Background. Cryptocurrencies have introduced a decentralized and secure way to transfer value, with private keys playing
a crucial role in authorizing transactions and verifying ownership. However, the loss or destruction of private keys leads
to permanent asset loss, presenting a significant risk to users and hindering broader adoption.

Objective. This paper presents a smart contract-based method to mitigate the risk of losing digital assets in the event of
permanent private key loss, providing an automated recovery procedure without compromising the security of digital
assets.

Method. The proposed solution leverages smart contract technology to create an automated recovery process. Key com-
ponents include a protected address (Address A), a predefined recovery address (Address B), and a specified time interval
(Period T). If no outgoing transactions are registered during Period T, the smart contract transfers assets from Address A
to Address B.

Results. The proposed method ensures that in the event of private key loss, assets are automatically transferred to a
backup address after Period T. This process ensures users maintain full control over their assets, allowing adjustments
to Period T and Address B as needed.

Conclusions. The smart contract-based recovery method provides a reliable and user-friendly solution to address the
consequences of possible permanent private key loss. It complements existing solutions, offering an additional layer of
security and enhancing user confidence in decentralized financial systems. Future research might focus on improving

the security and reliability of the backup address.

Keywords: information security; cryptocurrency; private key; smart contract; asset recovery; digital assets.

Introduction

Cryptocurrencies have revolutionized the fi-
nancial landscape by introducing a decentralized
and secure means of transferring value. At the heart
of this revolution is the concept of private keys, used
for authorizing transactions and verifying ownership
within cryptocurrency systems, ensuring that only
the rightful owner can access and transfer their as-
sets.

Despite their crucial role, private keys come
with inherent risks. The most significant of these is
the potential for permanent asset loss if the private
key itself is lost or destroyed. Unlike traditional fi-
nancial systems where numerous recovery methods
can be employed to regain access to accounts, the
decentralized nature of cryptocurrencies means that
once a private key is lost, the corresponding digital
assets become irretrievable. This presents a substan-

tial risk to asset holders and poses a barrier to the
broader adoption of cryptocurrencies.

A poignant example is the 2018 case of Quad-
rigaCX, a Canadian cryptocurrency exchange. Its
founder, Gerald Cotten, who solely owned the pri-
vate keys to the exchange’s cold wallets, passed away
unexpectedly. This leftover $130 million in assets
locked with no way to recover them [1].

Another example is the story of Bitcoin deve-
loper Stefan Thomas, who had three backups of his
wallet — an encrypted USB stick, a Dropbox ac-
count, and a Virtualbox virtual machine. However,
he managed to erase two of them and forgot the
password to the third, forever losing access to 7,000
BTC (worth $125,000 at the time) [2].

The most straightforward solution to this user
experience problem is to create a custodial service
that manages keys and handles transactions. This
is the method used by major centralized exchanges

IIpono3uuisi aas uuryBaHHsa miei crarri: O.A. Boiiko, “MeTon 3axucty LHU(POBUX aKTUBIB Bil HE3BOPOTHOI BTPAaTU
y BUIAAKy BTpaTH puBaTtHOro Kiwova”, Haykosi éicmi KITI, Ne 1, c. 63—68, 2025. doi: 10.20535/kpisn.2025.1.309585

Offer a citation for this article: Oleg Boiko, “A method for protecting digital assets from permanent loss in the event
of private key loss”, KPI Science News, no. 1, pp. 63—68, 2025. doi: 10.20535/kpisn.2025.1.309585

© The Autor(s).
The article is distributed under the terms of the license CC BY 4.0



64

KPI Science News

2025/ 1

and custodial wallets, allowing for traditional access
mechanisms and features like password recovery.
However, this approach introduces significant cen-
tralization risks and conflicts with one of the funda-
mental principles of web3/crypto: “Not your keys,
not your coins”.

On the non-custodial side, there are some in-
teresting modern solutions and proposals, such as
hardware, multi-signature, and social recovery wal-
lets, as well as some biometric authentication ideas.
While these solutions offer valuable improvements
in user experience and risk reduction, they still have
their challenges, described further in this research.

This paper proposes a relatively simple solu-
tion, designed to mitigate the risk of losing digital
assets in the event of permanent private key loss.
The described approach aims to provide an auto-
mated smart contract-based recovery procedure
without compromising the underlying security of
digital assets.

The following sections will explore the problem
statement, review recent relevant research and pub-
lications, examine existing key management options,
and finally present the design of the proposed solu-
tion, analysing its potential benefits and drawbacks.

Problem Statement

Securing private keys is a complex and non-trivial
problem because it requires balancing two conflicting
goals: ensuring uncompromisable non-custodial con-
trol of digital assets and minimizing the respective
management risks (along with the associated signi-
ficant emotional pressure) for users, especially those
who are not tech-savvy.

The goal of this article is to propose a simple,
transparent and user-friendly method that allows
cryptocurrency users to have a “Plan B” for the pos-
sible scenario of private key loss, without sacrificing
the fundamental security of non-custodial owner-
ship of the respective digital assets.

Analysis of Recent Research and Publications

In 2021, the Austrian Institute of Technolo-
gy (AIT) conducted an online survey to understand
the preferences of the general audience regarding
the handling of private keys for blockchain-based
applications. About 80 % of participants preferred
the direct variant, which requires users to store the
private key themselves, while around 60 % opted
for a hybrid variant where an external manager is
responsible for the backup. This indicates that par-
ticipants value data sovereignty more than the risk of

losing money or other digital assets. Approximately
half of the survey participants would prefer to record
the access code on paper, while others would store
it on their mobile phone, in a password manager, or
by printing it [3].

Various methods have been developed to en-
hance the security and recoverability of private keys.
One of the most prominent is Hardware wallets,
which were thoroughly analyzed in a 2019 research
paper by Edinburgh Napier University [4]. Hard-
ware wallets are devices designed to store private
keys offline in what is known as “cold storage”.
They connect to a computer via USB or Bluetooth
for transaction signing, but the keys never leave the
device, reducing exposure to internet-based attacks.
Although secure against online threats, hardware
wallets are vulnerable to physical damage or loss,
which, in the context of this paper, is technically
equivalent to private key loss.

Another significant concept is Multi-signature
wallets, which allow multiple configurations of keys
to authorize a transaction, thereby reducing the risk
of losing one of these keys [5]. One of the main
challenges with this approach is reduced usability, as
each transaction requires confirmation from at least
two different key holders. Therefore, this concept is
better suited for businesses, organizations, or group-
owned digital assets.

Several recovery mechanisms have been pro-
posed to mitigate the consequences of key loss, in-
cluding the Social recovery wallet concept. This type
of digital wallet enables the recovery of private keys
and digital assets through a user’s social network,
utilizing guardians (trusted individuals or devices) to
aid in the recovery process [6]. Under normal cir-
cumstances, a social recovery wallet functions like a
regular wallet, requiring only a single confirmation
click for transactions. If the user loses their signing
key, the social recovery feature is activated, allowing
the user to request their guardians to sign a transac-
tion that updates the wallet’s signing key to a new
one [7]. It’s worth noting that getting a social reco-
very system right is a complex engineering challenge.
Implementing it reliably and transparently can be
difficult and poses its own security risks.

Another approach is utilizing Biometric authen-
tication to enhance key recovery processes, as ex-
plored in a recent (2023) paper from Kharkiv Poly-
technic Institute [8]. Biometric authentication is a
security process that verifies a person’s identity based
on their unique physiological or behavioural traits,
such as facial features, fingerprints, or handwriting
patterns. The main challenge is processing biometric
data accurately across varied conditions and datasets.
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Additionally, there is an inherent risk in trusting the
numerous actors involved in the design, production,
and shipment of the authentication devices.

This paper proposes a method to address these
gaps by leveraging simple and transparent smart
contract technology to provide a reliable and auto-
mated recovery procedure.

Design Principles

The proposed method is based on the following
design principles:

Security: Ensure that the respective architec-
ture does not compromise the fundamental security
of the digital assets.

Automation: Implement an automated process
to minimize human intervention and reduce the risk
of errors.

Flexibility: Allow for customizable parameters
to address different user needs and preferences.

Transparency: Maintain clear and auditable
processes to build trust and accountability.

Simplicity: The less complex the system, the
more reliable and resilient it is.

Ergonomics and UX: The system should be in-
tuitive and straightforward and should not require
any additional training for any relevant user.

Proposed Solution

The core concept of the proposed protection
method is the establishment of an automated, smart
contract-based system based on three key compo-
nents:

Address A — the protected address (the private
key for which may be lost).

Backup Address B — a predefined restoration
address (explained in detail further below).

Period T — a predefined time interval during
which no outgoing transactions (explicitly signed by
the owner) are registered in the blockchain. This
criterion can serve as a reliable confirmation for the
private key loss event.

The idea in a nutshell: the smart contract will
send assets from protected Address A to the backup
Address B in case of no signed transactions during
period T (see Fig. 1).

Address A

QOriginal (protected) address

I

Default scenario

Reset Timer T Check Timer T

Default scenario

!

Is there at least
one signed
transaction

during period T?

No

|

Restoration scenario
Transferred all funds to Address B

Address B
Predefined recovery address

Fig. 1. Principle schema of the proposed solution
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Address B can be:

1. One’s own backup storage with a different
private key or different access principle (e.g. custo-
dial or social recovery wallet).

2. The heir’s wallet (children, grandchildren,
spouse, relatives, business partners, etc.) — an auto-
mated classical inheritance.

3. A wallet of a trusted institution, that upon
the event of smart contract execution, will be able
to use the positive human factor to perform relia-
ble, rational, and legally transparent verification and
transfer of funds to the legitimate addressee.

Any authorized outgoing activity, such as sen-
ding funds or any other signed operation, will reset
the countdown (timer) of period T. Thus, in the case
of regular active Address A usage, the timer will be
regularly reset and the funds will stay in place. Also,
it should be relatively easy to develop an application
that will listen to the relevant blockchain informa-
tion and send a reminder (e.g. one month before pe-
riod T ends) with an offer to sign an empty “signal”
transaction to reset period T.

The period T itself can be set to any comfortable
value, from more dynamic, e.g. 1-2 weeks (for institu-
tions with a lot of operations and a high responsibility
level), to more conservative, like 2-5 years (for indi-
vidual long-term investments). In any case, once the
smart protection contract is activated, the owner of
the funds (or their heir) might feel significantly better
protected from the irretrievable loss of the assets as a
result of a wide range of unsuccessful circumstances,
such as storage device mechanical damage, loss or
destruction of the recovery phrase, death or disap-
pearance of the sole owner, and so on. Obviously, the
described method will not be able to protect assets in
case of private key theft.

Examples

Scenario 1: “Simple Plan B”.

Alice stores some digital coins in her block-
chain wallet (Address A) with the private key’s mne-
monic written down on a piece of paper. She assigns
a restoration address (Address B) to her account on
the centralized exchange Coinance, which is secured
by email-password access. She sets the restoration
period (T) to 6 months.

Alice retains full and exclusive control of her
funds. However, if she loses access to both her
wallet and the private key mnemonic, she simply
needs to wait 6 months from the date of the last
transaction. The smart contract will then transfer
her funds to the Coinance account. In case she
forgets or loses her Coinance password, she can

recover it using Coinance’s email-based recovery
procedure.

Scenario 2: “Digital Will Protection”.

Bob stores some digital coins in his blockchain
wallet (Address A) with the private key secured in
multiple software and hardware storages, but in a
way that only Bob can access them. He assigns a
restoration address (Address B) to the account of
his legal advisory firm Satoshi & Partners, and sets a
restoration period (T) to 1 year.

Bob retains full and exclusive control of his
funds. However, in the event of his death, incapaci-
ty, or other unforeseen circumstances, his heirs only
need to wait 1 year from the date of the last transac-
tion. The smart contract will then transfer the funds
to Satoshi & Partners, where the firm can distribute
the assets to Bob’s heirs, based on legal agreements
and/or instructions Bob has provided.

Advantages

1. While maintaining control over the private
key, its owner still retains full control over their as-
sets and, at any time, will be able to:

a. disable/suspend the execution of the security
smart contract;

b. sign any transaction (including an empty
one) to reset the timer counting the period T;

c. change period T;

d. Change Address B.

2. In case of private key loss, the assets will
not be irretrievably lost. The owner (or the relevant
applicant) will only need to wait until the end of
period T, after which the assets will be transferred to
the reserved address.

Disadvantages

1. The need to occasionally sign at least one
transaction to reset the count of the period T.

2. The need to maintain the reliability of
Address B and/or redefine this address in case of
concerns.

Conclusions

The management of private keys in the crypto-
currency and digital assets ecosystem is one of the
critical research areas due to the inherent risks asso-
ciated with key loss. Existing solutions, such as hard-
ware wallets, multi-signature wallets, social recovery
wallets, and biometric authentication, have provided
various methods to enhance security and recove-
rability. However, each of these solutions presents
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its own set of challenges, including engineering
complexity and reliance on third-party hardware.
This paper proposes a new method that leve-
rages automated smart contract technology to ad-
dress the consequences of possible event of perma-
nent private key loss. Unlike existing solutions, this
approach provides a time-based automated transfer
system that activates upon detecting the absence of
outgoing transactions over a predefined period. This
method offers some valuable advantages, including
high transparency, minimal human intervention,
and enhanced flexibility in setting recovery para-
meters. The proposed solution maintains the fun-
damental security of non-custodial ownership while
introducing a practical “Plan B” for asset recovery.
Importantly, the smart contract-based protec-
tion method proposed in this paper is not inten-
ded to replace existing solutions but to augment and
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O.A. boiiko

METO[ 3AXVUCTY LIMOPOBWX AKTUBIB BIf, HE3BOPOTHOI BTPATW Y BUMALKY BTPATV MPUBATHOIO KIKOYA

MpobnemaTuka. TexHonoris GrokYeriHy i KPMNTOBanOT 3anpoBaguna MOXIMBICTb 6e3neyYHoro i AeLeHTpanisoBaHoro nepegaBaH-

HS LIHHOCTI, Ae npuvBaTHi KMtovi BidirpaloTb KMHOYOBY porb B aBTOpM3allii TpaH3akuii i nepeipui npaBa BnacHocTi. YTiM, BTpaTta abo
3HULLEHHS NPUBATHUX KIHOYiB NPU3BOAATb A0 HE3BOPOTHOI BTpaTU aKTUBIB, L0 CTAHOBUTb 3HAYHUIA PU3MK OIS KOPUCTYBAYIB i 3aBaxae
LUMPLLOMY BMPOBAAXEHHIO TEXHOMOTII.

MeTta pgocnipXeHHs. Y Uil cTaTTi 3aNnpoONOHOBaHO METOA Ha OCHOBiI CMapT-KOHTPAKTIB, WO AornoMarae 3HU3UTW PU3NK BTpaTh

aKkTUBIB y pasi BTpaTu NMpuBaTHOrO KIo4a, 3abesnevyoun aBTOMaTM30BaHy npouefypy BiAHOBMEHHS 3i 36epexeHHsM piBHsi Gesneku
LMdPOBUX aKTUBIB.

MeTtoaunka peanisaui'l'. 3a|'|p0I'IOHOBaHVIl7I MeTo4 BUKOPUCTOBYE TEXHOIOrit0 CMapT-KOHTPAKTIB ANs 3abesnevyeHHss aBTOMaTUYHOTO

BiJHOBMNEHHS akTMBIB. KroYoBi KOMMOHEHTW BKMtoYaloTh 3axulleHy agpecy (Agpeca A), 3asganerinb BU3HayeHy afpecy BiJHOBIEHHS
(Appeca B) i BU3Ha4eHu YacoBuii iHTepBan ovikyBaHHs (Mepioa T). Axkwo npotsarom MNepiogy T He 3apeecTpoBaHO BUXIOHWUX TpaH3aKLin,
CMapT-KOHTpaKT aBTOMaTU4YHO NepeBOAUTb akTnBK 3 Agpecu A Ha Agpecy B.
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Pesynbratv pgocnigkeHHA. 3anpornoHoBaHWin MeTon 3abesnedye aBTOMaTWYHE MnepedaBaHHs akTWBIB Ha pe3epBHY agpecy
y BUNaAKy BTpaTU NPMBATHOrO KItova nicns 3akiHveHHst Mepiogy T. Takuid nigxig 36epirae NOBHUIA KOHTPOMb KOPUCTYBaYva Haf akTMBamum
i no3Bonsie rHyvke HanawTyBaHHs Mepiogy T 1 Agpecu B 3a notpebu.

BucHoBkW. MeToA BiAHOBMEHHS Ha OCHOBI CMapT-KOHTPaKTIB Haga€e HafilHe i 3pyYHe pilleHHs ANs YCYHEHHS HacniaKiB MOXINBOT
BTPaTW NpuBaTHOrO kntova. BiH JONOBHIOE BXe BiOMi piLLEHHS, MPOMOHYYN OOAATKOBUIA piBeHb Ge3neku, i Cnpusie NiaBULLEHHIO PiBHS
[OBipM KOpUCTYBaYiB 4O AeLeHTpanizoBaHux iHaHcoBux cucTemM. ManbyTHi gocnimxeHHst 6yae AouinbHO 30CepeauT Ha NoKpaLleHHi
Gesnekun 1 HadinHOCTI pe3epBHOI agpecu.

Kniouosi cnoBa: iHhopMmalLiiHa 6e3neka; KpunToBantoTa; NPMBaTHUI KIOY; CMapT-KOHTPAaKT; BiQHOBNEHHSI akTUBIB; LM(POBI aKTVBW.

PexomennoBana Pamoro Haniiina no penaxitii
HaBuanbHO-HAyKOBOro iHCTUTYTY MPUKIAAHOIO CUCTEMHOIO aHaji3y 25 ciuns 2025 poky
KIII im. Iropst CikopchbKoro
IIpuiinsara go nmyOGikarii
10 mororo 2025 poky



KOMITHOTEPHI HAYKA 69

DOI: 10.20535/kpisn.2025.1.322905
YIK 004.056:519.8

O.M. Hosgiko", M.I. Inein', I.B. Cthonoukina', M.B. OBuapyk'

'HattioHanbHUIT TeXHIYHUI YHiBepCUTET YKpaiHu
«KuiBcbkuii noitexHiuHuii iHcTUTYT iMeHi Iropst Cikopcbkoro», KuiB, Ykpaina
*BinnosiganpHuU aBTOp: 0.novikov@kpi.ua

BU3HAYEHHSA ITAPAMETPIB HEIIOMITHUX KIBEPATAK
HA CUCTEMM KEPYBAHHS OB’€KTIB KPUTUYHOI IHOPACTPYKTYPU

IIpobGaemaruka. [HTerpaliss cucTeM MPOMHUCIOBOIO KOHTPOJIIO i3 CyJaCHUMU MEPEXEBUMU TEXHOJIOTISIMU CIIPUYMHSIE
BUHUKHEHHSI BEJMKOI KiJIbKOCTi aTaK Ha KPUTUYHY iHPpacTpyKTypy. MeToau BUSBIEHHS i MPOTHUIAil TaAKMM aTaKaM
11Ie HeOCTaTHbO PO3BMHEHI, € HarajJbHa MOTpeda y PO3BUTKY MATeMaTUYHOTO araparty, sSKWil JO3BOJISIE BU3HAYATH
napaMeTpu KibepaTak Ha TaKi CUCTEMMU.

MeTta nocaimkeHHsas. MeTolo poOOTH € po3pobJeHHS i NOCHiIKeHHs IMapaMeTpiB HemoMiTHOI ataku (Stealthy attack)
Ha CUCTEeMY KepyBaHHS 00’€KTa KPUTUYHOI iH(PPACTPYyKTypH SIK iHCTPYMEHTY TeCTYBaHHSI CUCTeM KiOep3axucCTy, sKa
00XOAUTH CTAaHAAPTHUI JETEKTOP AiarHOCTUKM HECIPaBHOCTEN.

MeToauka peaisamii. Moaenb CuCTeMM IIPOMUCIOBOIO KOHTPOJIIO PO3IJISHYTO Y BULJISIIL AU(bepeHIIiaIbHOTO PiBHSIHHSI.
BBegeHo mapameTpu aguTMBHOI aTaKd Ha KepyBaHHS, a TaKOX KPUTEpill AETEKTyBaHHsI HeCIIpaBHOCTel. 3amauy
BU3HAUEHHSI TTapaMeTpPiB pO3B’sI3aHO METOJaMU ONTHMAaJIbHOIO KepyBaHHS 3 BUKOPUCTAaHHSIM (yHKIlioHaaa JlarpaHxa
Ta METO/Y TPAJIEHTHOTO CITyCKY.

Pe3yabTaTtu nociimkenns. 3anpornoHOBAHO HOBUI METOJ i BiAMOBIIHUIA aJIrOPUTM MOUIYKY LIKIJUIMBUX CIIOTBOPEHb
KepyBaHHSI 3 BUKOPHMCTAHHSIM BapialliflHOro METOAYy ONTHMi3allii Ta rpaJi€eHTHOrO METOAY HAWILIBHUIILIOIO CITYCKY.
IIpoBeneHo oOUKMCTIOBATbLHUN €KCIIEPUMEHT, SIKUI CBIAUUTD IIPO Ipale3IaTHICTh 3alIPONOHOBAHOTO aJITOPUTMY.
BucnoBkn. Po3rissHyTo KibGepaTaky i3 Kiacy HemoMiTHUX atak (Stealthy attacks), cmpsimoBaHy Ha Moaudikalilo Ke-
pYIOUMX CHUTHAJiB CUCTEMM KepyBaHHSI 00’€KTaMU KPUTMYHOI iH(MPACTPYKTypHu, sKa 3daTHA OOXOAWUTH CTaHAAPTHI
JIETeKTOPU HEeCIIpaBHOCTE!. 3alpOIIOHOBAaHI METO/I Ta AJITOPUTM MOXKYTh OyTH 3aCTOCOBAHI I1ijl Yac IUIaHyBaHHS TECTiB
Ha MPOHUKHEHHS ISl aHalidy Oe3leKyd aBTOMATM30BaHUX CUCTEM KOHTPOIIO 00’€KTiB KPUTUYHOI iHDPACTPYKTypU
ingycrtpiaabHoro tumy. [Ipalie3naTHICTb aaropuTMy IMepeBipeHO KOMIT IOTEPHUM €KCIIEPUMEHTOM.

KuouoBi ciioBa: Teopist KepyBaHHS; KibepOe3IeKa; HeIIOMiTHI aTakKy; BU3HAYE€HHSI IMapaMeTpiB.

Beryn

OcTtaHHIM 4yacoM BigOyJOCsl 3HAUYHE 3pOCTaH-
HsI iIHTEHCUBHOCTI KibepaTak Ha 00’€KTU KPUTUYHOI
iHDPACTPYKTYpH, i 1Lie 3arpo3iuBe SIBUILIE OOYMOB-
JIEHO HacaMIiepell Bpas3JvMBOCTSIMM, MPUTAMAHHUMU
CYYaCHUMM aBTOMAaTM30BaHUM CUCTeMaM YIPaBIiHHS
TexHojoriyHumMu mpouecamu ((ACY TII), uu aHr.
Industrial Control System (ICS)), cucremam aucrer-
YepCchKOTro yrpasiiHHs Ta 300py naHux (SCADA —
Supervisory Control and Data Acquisition), po3mno-
nineHuM cuctemaM kepyBaHHs (DCS — Distributed
Control System), cucTeMaMm MpPOrpaMOBaHUX JIO-
rivnux kKoHTpoJjepiB (PLC — Programmable Logic
Controller).

CyyacHi aBTOMaTHM30BaHi CUCTEMU BCE YacTi-
1Ie iHTerpyloThcsl B iHdopmaliiiHi Mepexi, 1100
3a0€3MeYnTH THYYKiCTh, MPOAYKTUBHICTB i Bimgaie-
HUI JOCTyM. YTiM, L8 iHTerpailis 4yacto BigOyBa-
€Tbcsl Y (opMi (popMaIbHOTO KiJIbKiCHOTO 00’€l-
HaHHS miacucTeM 0e3 aHajizy yMOB iX Oe3MeuHoi
B3a€EMOil, 110 CTBOPIOE CEPIO3HI 3arpo3u Oe3Ire-
KU (YHKIiIOBaHHSI HOBOCTBOpeHUX cucteM. Cepen
TaKUX 3arpo3 MOXHa Ha3BaTW 3acTapijli MPOTOKO-
JIU OKpPEeMUX TIiJACUCTEM, BiICYTHICTb 1IM(pPYyBaHHS,
PO3LIMPEHHS AOCTYIY 3 OOKY Mepexk 3arajlbHOro J0-
cTyny, iHTerpauito 3 IHTepHeTom peueit (IoT). Xoua
HUHI aKTUBHO BIPOBAXKYIOTLCSA Cy4acHi TEXHOJIOTI,
0araTo BUKOPHUCTOBYBAHUX CHUCTEM PO3POOJISLIU-
Csl JECSITWIITTS TOMY — Y HUX BUKOPMCTOBYIOTbCS
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3acTapijli MpOTOKOJM, HE BPaxOBYIOThCS CydyacHi
Kibep3arpo3u. besmneka juile 3a paXyHOK OpraHi-
3aliiiHuX akTopiB, Qi3MUHOI i30JA11ii B CydacHUX
yMOBax IiepecTa€ OyTH JOCTaTHbOW. TunoBumu
BUMAAKaMU € BMKOPUCTAHHSI HE3axWUIIEHUX Ipo-
TOKOJIiB Iepeaadi JaHUX, SKi poOJISITh MOXKJIUBUMU
aTaku TUIYy «IIOIMHA TOCEpedrHi», 3arpo3u Iie-
pexoIruieHHs, ToBTOp i anbcudikallii JaHuX, SKi
nepenaroThesd. Ilin yac migkmiouyeHb TaKUX CUCTEM
no InrtepHery Ta ix iHterpauii i3 npuctposimu [oT
JUTST BAKOHAHHS 3aBIaHb MOHITOPUHTY 1 YIIpaBIliH-
HSI HAa XMapHOMY piBHi HEMHHYYE DPO3LIMPIOETHCS
MOBEPXHSI aTak i Bpa3jMBi MeXaHi3MM CTalOTh LIJLTIO
KibepaTak 3JIOBMUCHUKIB.

VY cyyacHuMx yMoBax KiOepmpocTip CTaB ce-
penoBUILIEM JUISl peanizallii pi3HOMaHITHUX LIUJIEH,
30KpeMa BIPOBAIKEHHS 1IKiIIMBUX BILIMBIB yHacC-
JIIIOK TIOMITUYHMX MOTMBIB, peaiidalii eKOHOMiu-
HOTO MPOTHOOPCTBA, €KOJOITUHOIO XakKTUBI3MY, Te-
popu3My Ta IHIIMX Lijiel Kioep3moumHuiB. Takum
YHOM, KibepaTakyu poOJIsITh MOXJIMBUMU BEICHHS
riopyuaHOI BiliHM, 3MEHIIEHHSI €KOHOMIYHOIO ITO-
TeHLiaJly KpaiHu a00 TePOPUCTUYHUX Aiii. Y Bimo-
MUX TIpUKJIajgax Kibeparak Ha 00’€KTU €HEepreTUKu
BUKOPUCTOBYBAJIUCH MPUAOMHU COLIAJIbHOI iHXEHEe-
pii pa3oM 3i WKIiAIUBUMU IIporpaMaMu-BUMarayaMu
(ransomware), AesIKi yCTAHOBU CEKTOPiB KPUTUUHOL
iH(pacTpyKTypH IIOTEpPIAIOTh Bil BUKpaaeHHS KO-
MEPUIMHUX TAEMHUIb TOLIO.

CexkTopu KPUTUYHOI iH(MPACTPYKTYpU OXOI-
JIIOIOTh Maitke BCi cepu JIOACHKOI IisIbHOCTI —
MOYMHAIYM 3 IHAYCTPil i 3aBEpIIYIOYM CIIy>KOaMu
OXOpOHHM 3IOpOB’d. YHacHigokK mnudposizaiii cy-
CHIJIbCTBA BiIOYBAETHCS IIepeXidg Ha pPOOOTY 3 eIeK-
TPOHHUMMHU NaHUMU, KOMIT'IOTepHU3allil0 BCiX BUIIiB
gisibHOCcTi. Cepel CEeKTOpiB KPUTUYHOI iH(Dpa-
CTPYKTYpU — €HEepreTuka, BOJONOCTAYaHHS, TpaH-
cnopt, (piHaHCcoBa cdepa, XiMiuHAa ITPOMUCIIOBICTh
i BaXKa iHIYCTpis, OXOpOHa 310pOB’sl, KOMYyHiKallii
Ta iHwi. PazoM 3i 30i1blI€HHSIM MaclITadiB i B3a-
€MO3aJIeXKHOCTe MiX PI3HUMU MiAIIPUEMCTBAMMU,
3POCTaHHSIM CKJIAAHOCTI 3adisIHUX Y HUX CUCTEM
KOHTPOJIIO, BIIKPUTICTIO IO 30BHIILIHIX MepPeX 3pO-
CTa€ i KiJIbKiCTh KibepaTak.

OcKillbKM OJHUM 13 KpUTEPiiB BiIHECEHHS
00’eKkTa OO0 KPUTHUYHOI iH(pacTpyKTypu € Koro
MOTEHLiaTIbHUI BIUIMB Ha JIOACHKE CYCHiJIbCTBO,
TSDKKICTh HACHIAKIB, CIIPUYMHEHMX IIPUITMHEHHSIM
HOPMaJIbHOTO (DYHKIIIOHYBaHHSI Takoro 00’€KTa,
MOXHAa CTBEpPKYBaTH, 1O IMOTEHLiaJbHA LIKiII1-
BIiCTb YCMILIHMX aTaK AJIsl TAKMX 00’ €KTIiB € BUCOKOIO
i1 iCTOTHOO JISI MIiCT, perioHiB abo X yciel KpaiHu
3aJIeXKHO Bil PiBHSI KPUTMYHOCTI TaKOro o0’€KTa.
VHacninok mioOanizaliii eKOHOMiKM pi3HUX KpaiH

€ CYTTEBO B3a€EMO3aJEXHUMM, TOMY YCITillIHI aTa-
KM Ha 00’€KTU KPUTUYHOI iHPACTPYKTYpH € JIKe-
pesioM 3HaYHMX (biHAHCOBUX BTPAT i MOPYLISHHSIM
(byHKLIIOHYBaHHS LIMX CEKTOpPiB abo nectabiiza-
il €eKOHOMIKH LIJIMX KpaiH YM PETiOHIB.

InTeHCUBHICTD KiOepaTak Ha 00 €KTU KPUTUY-
HOI iH(PACTPYKTypH 3pocjia uepe3 MOEAHAHHS TeX-
HOJIOTIYHMX, €KOHOMIYHUX 1 MOMITUYHMX (PaKTOPiB.
3710BMUCHUKU BUKOPHUCTOBYIOTh cj1a0bKi Micus ICS,
SCADA, DCS ta PLC mns gocIrHeHHS CBOIX IIi-
JIet, 1110 poOUTh 3aBOaHHS 3a0e3IeueHHs Kidep3axu-
CTY KPUTUYHO BaxuBMM. lle BuMarae Bim mepxas
Ta opraHisawiii po3po0sATy OLIbLI CKJIAJHI CMCTEMU
3aXMCTy Ta IIOCTiMTHO BIOCKOHAJIIOBATU HAasIBHI iH-
CTPYMEHTH KiOepOe3IeKu.

3axuCT CUCTEM HUXKHBOTO PiBHS, 30kpema PLC,
€ KJIIOUOBUM €JIEMEHTOM Yy 3a0e3IMeueHHi Kibepoes-
MeK KpUTUYHOI iHgpacTpykTypu. Bpasnmusicts PLC
pOOUTH 1X OCHOBHMMMU LISIMU aTak, HACHIIKU SKUX
MOXYTb OyTM KatacTpodiuHMMM. PO3BUTOK cyvac-
HUX CHCTEM BUSBJICHHS aTaK Ta aJalTUBHUX Mexa-
Hi3MIB 3aXUCTy Ma€ OyTU IPiOPUTETOM ST IIPOMUC-
JIOBOCTI ¥ JepkaB.

CucremMyd aBTOMaTU30BAaHOTO YIPaBJIiHHS TEX-
HOJIOTIYHUMM TIpOlleCaMU HUWXKHBOTO PiBHS, SIKi
IpyHTyIOThcsl Ha PLC, € Haiibinbll Bpa3nuBUMU
JI0 aTakK i BOAHOYAC KPUTUYHO Ba*KJIMBUMU 3 TOUKHU
30py HachifkiB ix ypaxkeHHs. Lli cuctemu Bigirpa-
I0Tb KJIIOUOBY POJIb Y MiATPMMaHHI OCHOBHUX TEX-
HOJIOTIYHMX TTapaMeTPiB Y KPUTUUHUX TaTy3sIX.

Cepen HaWMOLIMPEHINIMX aTak Ha CUCTEMU
aBTOMaTH3allil HUKHBOTO PiBHS abo Oe3rocepen-
HbO Ha TporpamMoBaHi JoriyHi koHTtpojepu PLC
MOXHa BUAUIMTU aTaku BiIMOBU B OOCIYrOBYBaHHi
(DoS attacks), siki MarOTh 32 MeTy IapajidyBaTu po-
60Ty PLC uepe3 nepeBaHTaKeHHSI KOMYHiKaLliiHOTO
KaHajy abo mpoliecopa, aTaku MOBTOPHOIO BUKOPU-
craHHs gaHux (Replay attacks), siki TOBTOpIOIOTH pa-
Hille 3axOIieHi curHaiu, 3amyiinytoun PLC BukoHy-
BaTU HebaxkaHi dil, MaHIMyJIsI1ii yepe3 BIPOBaIKEHHS
danpmmBux ganux (False data injection attacks), siki
BBOJISITb XMOHi JaHi 10 CUCTEMU JJIs BBEACHHS OIle-
paropa 4M aJrOpUTMIB B oMaHy. BimoMuMm Takoxk
€ JIeKiJIbKa CXOXMX aTak: aTaku 3 HYJIbOBOIO JMHa-
Miko (Zero dynamic attacks), sIKi MaHiIyJIIOIOTb
CUTHAJIAMU TakK, 11100 3MiHU HE BILUTMBAJIM HA BUIUMI
cTaHu cucteMu, npuxoBaHi atraku (Covert attacks),
SIKi 3aJIMILIAI0ThCS HEMOMITHUMM JUISI CUCTEMU MO-
HITOpMHTIY, HeIoMiTHi ataku (Stealthy attacks), ski
BIIPOBAIIXKYIOTh 3MiHM, 1110 HE BUKJIMKAIOTh CUTHAJIIB
TPUBOTH Y CUCTeMaxX MOHITOpUHTY [1—6].

PiBeHb 3arpo3u Takux arak 3HAYHOIO MiporO
3aJIEXKUTh Bill HasIBHOCTI CydyaCHUX CHUCTEM BUSIB-
JIeHHs KibepaTak y MpOMUCIOBUX aBTOMAaTHU30BaHUX
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cucteMax. HuHi DOCTynmHUN IIMPOKUI CIIEKTp Me-
TOMIB i cUCTeM JUIsI BUSIBJIGHHSI aTak, SKi IOCTiii-
HO BIOCKOHAIOIOThCA. BOHM BapitoloTbes Bif Tpa-
IULIMHUX TAXOMIB TiarHOCTMKMA HECIPaBHOCTEH
y IIporpaMHOMY 3a0e3MeueHHi 0 CyYaCHUX METO/IB,
1110 I'PYHTYIOThCS Ha aHaJi3i MOBEAiHKOBUX XapaKTe-
PUMCTUK, IITYYHOMY IHTEJIEKTi, METOJaX OOpPOOKHM Aa-
HUX, 10 30aTHi MiATPUMYBaTU LIBUIKE pearyBaHHS
Ha aHOMaJil.

V Huzui pociimkeHs [7—11] Oyno mpoaHaiizo-
BaHO TPAAMUINHI MiAXOAU A0 NiarHOCTUKW HECIIPaB-
HOCTEM, TaKi sIK OaliecoBe BUSIBJICHHS 3 OiHAPHOIO Ti-
nore3oto (Bayesian detection with binary hypothesis),
METOJI 3BaXkeHMX HaiMeHIIMX KBazapatiB (Weighted
least squares), y>-ACTEKTOpM Ha OCHOBi (iTbTPIB
Kanmana (y*-detector based on Kalman filters), a ta-
KOXX TeXHiKM BUSIBIICHHSI Ta i30JIs11ii HECIIpaBHOCTEM
(Fault Detection and Isolation techniques).

Po3BuTOK METOMIB BUSIBJICHHSI aTakK CIPUSIE
MiBMILEHHIO piBHS Kibep3axucty. BomHouac ro-
CUJIIOETHCSI MOTpeda BMBYATUM HOBiI Ta BXE BimoMi
KibepaTaku, SIKi MOXHa BUKOPUCTOBYBAaTHU $IK iH-
CTPYMEHT ISl TeCTyBaHHSI €(heKTUBHOCTI CUCTEM
3axXMCTy. 30KpeMa, 3HaUYHUI iHTepec ISl HAayKOBUX
JIOCTIIKeHb CTAHOBIISITH aTakKW 3 HYJbOBOIO IWHA-
mikolo (Zero dynamic attacks), mpuxoBaHi aTaku
(Covert attacks), HemoMiTHi ataku (Stealthy attacks)
Ta iHIII BUOM, 34aTHI OOXOOUTH TPaaMLIifHI JeTeK-
TOPU AiarHOCTUKHM.

ITocTanoBka 3aaauvi

MeToto po0OTH € pO3pOOICHHS i AOCITiIKEH-
Hs1 TapaMeTpiB HernoMmiTHOI aTtaku (Stealthy attack)
Ha CUCTEMY KepyBaHHsI 00’€KTa KpUTHMYHOI iH(pa-
CTPYKTYPHU SIK IHCTpyMEHTa TeCTYBaHHSI CUCTEM Ki-
Oep3axucTy, sika OOXOAUTb CTAaHAAPTHUI AETEKTOP
JiarHOCTUKM HECHPaBHOCTEN.

Moneib aTakKu Ha CUCTEMY KepyBaHHS

PosrmissHeMo Monenb IMHAMIYHOI CUCTEMU:

% = Ax(t) + Bu(t), (1)

x(t,) = X,, (2)

y(t) = Cx(1), (3)

ge x(f) — n-BUMIpHMIA BEKTOp CTaHy Qi3U4HOI

cucteMu; y(f) — [-BUMipHUI BEKTOP BUMipIOBaHb
JaT4yMKiB BUMipioBajabHOI cuctemu; A, B ta C —
BiloMi MaTpuui Koedilli€HTIB BIAIOBIAHOI PO3-
mipHoOCTi; u(f) — k-BUMIpHUII BEKTOp KepyBaHHS

npouecoM. CrniBgigHoiueHHs1 (1), (2) € Moaesmio
cucTeMH, a (3) — MoJesib BUMipIOBAJIbHOI CUCTEMU.

PosrisiHeMo 3amayy ONTUMalbHOIO KepyBaH-
Hs1 cTaHOM Xx(7) JiHiliHO1 cuctemu (1), (2) 3a 3ako-
HOM KepyBaHHS i3 3BOPOTHUM BiJl’€MHUM 3B’SI3KOM
1 KBagApaTUYHUM KpUTEpieM sKocTi [12—14]:

J = I’ [x"()0x(2) + u” (1) Ru(t) ] dt, (4)

ne O ta R — BigoMi Barosi MaTpWIIi.
Kinnesi croiBBiIHOIIIEHHS ONTUMAaJIbHOIO Ke-
pyBaHHs cuctemoro (1), (2) marotb Bursia [14]

u(t) = -K@)x(t), K@) =R'B"P@), (5

ne Matpulist P(7) € pilleHHSIM HeJliHIMHOTO piBHSIH-
Hs1 Pikkari:

% =-P(t)A" — AP(?) +
+P(t)BR'(1)B" P(1) - O, (6)
P(t,)=P. (7)
3agayi  ONTUMAJBHOTO KepyBaHHS  J100pe

npoekTytoTbesi Ha npobiaemu ICS, SCADA, DCS
Ta PLC 00’€KTiB KpUTUYHOI iHPPACTPYKTYPU.

PosrnssHeMo kibepaTtaky, CripssMOBaHy Ha aBTO-
MaTUYHY CHUCTEMY ONTUMAJIbHOIO KepyBaHHs 00’€K-
ToM KputuyHoi iHdpacrpykrypu (1), (2), (5), (6).
OCHOBHOIO METOIO TaKOl aTaku € MOPYLIEHHS HOp-
MaJIbHOTO (DyHKLIOHYBaHHSI CHUCTEMU Yepe3 CIIo-
TBOPEHHSI CUTHAJIy KEpyBaHHS, SIKUM € KJIIOUOBUM
€JIEMEHTOM Y TIPOLIECi MPUUHSATTS pillleHb Ta yIpaB-
JIiHHS. Y 1bOMY aHaji3i po3IisiHEMO ClieHapiid, nie
3JIOBMUCHUK 3IaTHUM JIMLIE aAUTUBHO MoAuU(DiKyBa-
TU KOMIIOHEHTU CUTHaJly KepyBaHHs (puc. 1).

s ~ e ™
> IHnyc;Tg).::?ngm > CeHcopu
~— \f
s ™ s ™
S,
ATakyr4uia LeTtekTop
-
-~ @

D

Cuctema
KepyBaHHA

Puc. 1. Ataka Ha aBTOMAaTU30BaHOL

KepyBaHHS

KEepyBaHHS CucreMumn
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Oco0MBICTIO TOCIAXYBaHOTO BUMAAKY € Ha-
SIBHICTb Y CUCTEMI JeTeKTopa HECIPaBHOCTEM, SIKUIA
Mae GYHKIUiIO BUSIBAECHHS aHOMAaJliii 4uM BTpydyaHb
y poOOTy cucCTeMU. YTiM, YMOBOIO YCIIilIIHOI aTa-
KM € 11 HEMMOMITHICTb IJIsT LIbOTO AeTekTopa. [Hakie
KaxXy4yH, 3JIOBMUCHUMK 3MiMICHIOE aTaKy KJacy <«He-
nomiTHux aTtak» (Stealthy attacks), sxi cneuiajbHO
PO3pO0JIeHi 111 YHUKHEHHST BUSIBJIEHHSI.

TakuMm ynMHOM, peatizallisli MoAiOHOI Kibepara-
KM CIpsiMOBaHa Ha MOPYLIEHHS LiTiCHOCTI iH(pOop-
Mallii, sIKa LUPKYJIIOE Ta OOPOOISIETHCS Y CUCTEMI.
Lle cTBOpIOE 3arpo3dy I CTAOUIBHOCTI I Oe3meku
00’eKTa KpUTUYHOI iH(MPACTPYKTYpH, amke IMOpYy-
1IeHHs iHpopMalLitHUX MPOLIECIB MOXe MPU3BECTU
JI0 HEKOPEKTHOTO (hyHKIIIOHYBAHHSI BCHOTO KOMII-
JIEKCY aBTOMAaTM30BaHOTO KePyBaHHSI.

st peajtizailii aTakyd 3J0OBMUCHUK PETEJIbHO
aHaJIi3ye CHUCTEMY 3axMCTy iHdopmalii, 110 BKIIIO-
yae 30MpaHHs JaHUX TPO apXiTeKTypy i CTPYKTYy-
Py aBTOMaTUYHOI CHCTeMU KepyBaHHs, BUBYCHHS
MOPUHLUIIB i pOOOTH, a TaKOX OTPHUMAaHHS HOCTY-
My OO0 KJIIOYOBUX €JEMEHTIB, TaKMX SIK MPOrpaMHi
Koau, Jiorika anroputmiB kepyBaHHsi PLC Ta nerek-
TOp HecnpaBHoOcTeil. OCcOOIMBY yBary 3J0BMMCHUK
MNpUALISE BUBYCHHIO METO/IB BUSIBJIEHHSI HECMpaB-
HOCTeH, 3aCTOCOBYBAaHUX Yy CUCTEMI, 11100 OOilTH iX
a0o0 3aMUIIaTUCS HETIOMITHUM.

CdopmynboBaHe BUILIE HO3BOJSE BU3HAYUTU
MOJIeJIb aTakK¥ Ha aBTOMAaTHM30BaHY CUCTEMY OMNTH-
MAaJIbBHOTO KE€pPYBaHHS Y TAKOMY BUIJISII:

a(r) = [a()] = h(F,u(t)), (8)

ne a(t) — BEKTOp aTaku; i(f) — CIOTBOPEHE Ke-
pyBaHHS, siKe TnepedyBa€ TiJ BILIMBOM IUKIIJIMBUX
naHux; F — TMOKa3HWK 3HaHb aTaKyl4doro 010
00’ekTa ataku. Mojesib KepyBaHHSI, sIKE aTaKoBa-
HO, MOXHa 3anucaTy TaKUM CIiBBiAHOILIEHHSIM:

u(t) = u(t) + u, (1), €

ne u,(t)e U, MapaMeTp HEMOMITHOI aTaku
(Stealthy attacks), IKiaavBi AaHi, A0JaHi A0 Kepy-
BaHHSI CUCTEMU.

Slx Oyno 3a3HauyeHO BHIIE, aBTOMaTUYHA
CHUCTEMa ONTUMAJIbHOTO KepyBaHHS OCHallleHa Jie-
TEKTOPOM HecIpaBHocTeil (puc. 1), po3pobiieHUM
i3 3aCTOCYBaHHSIM METOAY 3BaXK€HWX HaWMEHILUX
kBanpatiB (Weighted Least Squares) [7—11]:

J = [ [ex -] S [Cxte) - yo))dr, (10)
ne y(f) — BUMIpIOBaHHS TIpolieCcy, 3MiliCHIOBaHEe

JIETEKTOPOM HECIIpaBHOCTEH; S — BiZoMUii BaroBUi
KoeillieHT.

Takuii MeTon meTeKTyBaHHSI 3a0e3Ieuye TOY-
He OLIIHIOBAaHHS IIapaMeTpiB i BMCOKMIA piBeHb
YyTJIMBOCTI A0 aHOMAJIiil y poOOTI CUCTEMHU. YTiM,
3JJOBMUCHUK MOXE€ BUKOPUCTATU 3HAHHS TpO Liei
MeToJ it (hOpMyBaHHS aTak, sIKi MiHIMi3ylOTb pu-
31K BUSIBJIEHHS. Y Takiii cuTyalii 0e3Ieka cucTeMu
3aJIEXKUTh BiJl CTYIEHsI 3aXUILEHOCTI 1i apXiTeKTYpH,
HaIiiHOCTI aaTOpUTMIB ineHTU(IKaLii HecIpaBHO-
CTei, a TaKOX Bi/l 3MaTHOCTI LLIBUJIKO aJanTyBaTUCS
JIO TIOTEHIIMTHUX 3arpoa3.

IMomyk wmKinauBoro BIIMBY #,(f) HENOMITHOI
arakum (Stealthy attacks), mo wmiHimMi3ylOTD
MOKA3HUK JIeTeKTopa HecnpaBHocTeil J(u,)

IMepenmuimemMo  CITiBBiZHOIICHHS
HecrpaBHoOCTeH (5) y BUIIIsAII

J(u,) =
= [*[cx(t) - y)] S [CR() - y(0)]dt > min, (11)

JEeTeKTOpa

nIe X(f) — CIIOTBOpEHUI CTaH, SIKM IepeOyBa€ ITif
BIUIMBOM IIKiJIMBOTO KEPYBaHHS U, JONAHOTO
10 KepyBaHHsI cucteMu u(f). Ilpu LboMy niHiliHY
cucteMy (1), (5), ska nepeOyBa€ Mia BILIMBOM Ki-
6epataku (6), (7), (9), 3anuiIeMO TAKUM YMHOM:

dx(t)
dt

= AX(1) + B[-K()X(t) +u, ()], (12)

%(0) = %,, (13)
ne K(f) BU3HauarTh CIiBBiIHOIIEHHSIM (5).

Takum yMHOM, MaeMO 3aJady IMOIIYKY IIKif-
JIMBOTO KepyBaHHS U, (f) € U,, HETIOMITHOI aTaku
(Stealthy attacks) Ha cuctemy (12), (13), s1Ke MiHi-
Mi3y€ 3HAYeHHsI i1 0OXOAUTh JETEKTOP AiarHOCTUKU
HecnpaBHocTeit (11).

Po3p’sbkeMo  3amady  MOILIYKY €KCTpeMyMy
(¢ynkuionana (11) 3 oomexennsmu (12), (13) me-
togom Jlarpanxa [14]. [llo6 BpaxyBaTn OOMEXeH-
HsI, BUKOPUCTAEMO MHOXHUK JlarpaHxa A(7), sskuit
€ BEKTOPOM TOTO 3K po3Mipy, 110 i X(¢), a oome-
>keHHs1 Ha u,(f) € U,, BpaxyeMO Ha 3aBeplUalbHii
CTajlii aNropuTMy.

Cohopmyemo ponomixkHuii dyHkuioHan Jla-
rpaHxa:

L(%(1), 1, 1) =
= [ {les) - yo] s [Cx) - y(0)] +

I
T . - dx(r)
+A (t)[Ax(z) - B[-K)X(t) + u,(1)] - 0 }}dt. (14)
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Buxonsiuu 3 BapialliiiHOro IpMHIIMILY, 32 YMOBU
oL / ox = 0, oTpuMaeEMO CIpsKeHE PiBHSIHHS:

dMt) 1 prpr B
= (AT KB

~2C7 S [Cx(t) - y(1)], (15)

Mt) = 0. (16)

HeoOxigHi yMOBM ONTUMAJIbHOCTI BiHOCHO
HeBizoMoro napamertpa i, (f) € U,,, MaloTb BUIJISIL

on

SL(ua)j—L =du, =0vu,t) e U,,. (17)
u

VYmosy (17) mnst u, ¢ U,
dL _ 0vu,(t) e U,,.
du

a

JOITIOBHUMO:

on

(18)

Bapiooun ¢yHkuionan (14), MoxHa ToKa-
3aTH, 110
dL e o
— = [ K"\(1). 19
a0 (19)
IIkinnuBe kepyBaHHs U, (), 1Ke MiHIMi3y€e TO-
Ka3HUK JAETEeKTOpa HecnpaBHocteir J(u,), OyneMo

LIyKaTu 3 BUKOPUCTAHHSM TIPali€HTHOIO METOIY
HaWIIBUILIOIO CIYCKY:

ut = Pr {u}l - aﬂ},
du

a

(20)

ne Pr{-} — npoekuist piuieHHs u."'(f) Ha 061aCcTh
u,(t) e U,,; i — HOMep, a o. — BilOMUI KPOK rpasi-
€HTHOTO LMKJY; 4. TaKOX BiIOMO.

ITowyk HeBiIOMOI 3MiHHOI 4, HA OCHOBI Ipa-
nieHTHoi mpouenypu (20) 3akiHUyeTbCS 3a YMOBU
BUKOHAHHSI KPUTEPilO

g =g I <, (1)

Jie € — Bigoma IoxuoOxa.

ANTopuTM MOIYKY IIKiIJIMBOTO KEPYBAHHS, HIO
MiHiMi3y€ MOKAa3HUK JETEKTOPA HeCTPABHOCTEN

OOG’ennyroun cmiBBigHomeHHs (12), (13),
(15)—(16) i3 (17)—(21), chopMyIHOEMO aIrOPUTM
MOLLIYKY LIKIJJIMBOTO KEPYBaHHS U,, 110 MiHiMi3ye
MOKAa3HUK AETEKTOpa HecrpaBHocTel J(u,):

1. Insa i = 0, ne i — HOMEep KPOKY I'paliEHTHO-
ro LMKJTY, HAJAEMO CTAPTOBE 3HAYEHHS 4. Ta 3Ha-
YEHHS KPOKY IpaJiiEHTHOI MPOLIEIYPU C.

2. dnsg kpoky i+ 1 3a chiBBiAHOLLIEHHSIMU
(17)—(19) pospaxoByemo dL /du,, ne MHOXHUK
Jlarpamxka A(f) Ta croTBOpeHa OIiHKA cTaHy X(f),
sKa rnepedyBa€ Mil BIUIMBOM LIKiIJIMBOIO K€pyBaH-
HS U,, BU3HAYECHI, BIIMOBIIHO, CIiBBIAHOUIEHHSIMU
(15), (16) Ta (12), (13).

3. Bukopucrosyiouu (20), BusHauaemo u'"' ().

4. Po3paxoByemo (11) i mepeBipsiemo (21).
SIKIII0 yMOBa BUKOHYETHCS, TO 3aBEPIIYEMO aJIro-
PUTM, iHaKIIIe TIePeXOaruMO 10 II. 2.

3 MeTol aHaji3y mpale3gaTHOCTI po3pobJie-
HUX METOIY Ta aJTOPUTMY BU3HAYEHHS TTapaMeTpiB
KibepaTaku Ha aBTOMAaTM30BaHy CUCTeMYy O00’€KTa
KPUTUYHOI iHDPACTPYKTYPH PO3IJISIHEMO MPUKIIALI.

AHai3 pe3yJbTaTiB 009HCIII0OBAIBHOTO
eKCIepUMEeHTY

Hagenemo pesysibTaT 00UKCIIOBAIILHOTO €KC-
MEPUMEHTY 3 AOCHIKEHHSI pO3pO0OJIEHUX BUILE Me-
TOJY Ta alrOpuTMy. PO3rissHeMO TEXHIUHY CUCTEMY,
SIKy ONUCYIOTH chiBBigHomIeHHsMU (1), (2). Tpeba
pO3B’s13aTH 3aavy IOIIYKY MapaMeTpiB HEMOMITHOL
araku (Stealthy attacks) Ha cucTeMy KepyBaHHS,
sKa 00XOOUTb CTAaHOAPTHUIA NETEKTOpP AiarHOCTUKU
HecnpaBHocTei. Jyisi po3B’d3aHHs 3a1a4i BUKOPU-
CTaHO aJrOPUTM, HaBeASCHUI BUILE, CIiBBIIHOIICH-
Hs (8)—(21) Ta BuxinHi gaHi, HaBeaeHi y Tada. 1.

®dyukuis Pikkarti, a TaKoX BEKTOP-CTOBIICLb
BUMIpIOBaHb )(f) po3paxoBaHO OKPEMO, 1103a Ipaji-
€HTHOIO TIPOIIEMYPOIO TTOIIYKY.

PesynbTat eKciepruMeEHTY MOKa3aHO Ha puc. 2
ta 3. Ha puc. 2 nogaHo xpurepiii sikocTti J(u,), Skuit
3MEHIIIYETHCS i 3 KOKHMM KPOKOM TIPOIIEAypH Ha-
OmmxaeTbcst g0 Hyas. [loBemiHKy IIKiOIWMBUX Oa-
HUX, TONAHUX IO KEPYBaHHS U, Mill 4ac rpalieHTHOI
npoueaypu, sKi 3J0BMUMCHUK BU3HAYA€E i BBOAUTH
Tak, 1100 MiHIMi3yBaTu KpUTEPIi JETEKTOpa Ta 3pO-
OUTHU HOro 1ii HEMOMITHUMMU [IJII CUCTEMU MOHITO-
pUHTY, 300paxeHo Ha puc. 3.

36iKHICTb KpUTepiio |

0.0950 -
J (KpuTepii akocTi)

0.0948 4
_ 0.0946 -

0.0944

0.0942 4

frepauia
Puc. 2. 36ixHicTh KpuTepito Jy mpolieci iTepaliiiHoi npoLeaypu
AHaizyloun  pe3yJbTaTd  OOYMCIIIOBAJIBLHOIO

eKCIIEpUMEHTY MOXHa I100auMTH, 10 iTepauiiiHa
rpajlieHTHa TMpoueaypa IMOIIYKY MIKIIJIMBUAX ITaHMX,
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Tabauus 1. BuxinHi n1aHi 00YMCIIOBAIBHOTO €KCIIEPUMEHTY IMOLIYKY IMapaMeTpiB KibepaTaku Ha CUCTEMY KepyBaHHS

IlapameTp Ilo3HnauenHs 3HaYeHHS
Po3MipHicTh MaTpuilb A C K P, O R S 2x2
Po3MipHiCTh BEKTOPiB-CTOBIIIIIB x(9), X(t) A1), y(1), u.(?) 2x1
Marpuiist KoedillieHTiB Moaei A ; 1, —6; =5
Marpulisi KepyBaHHS B 0;1;0; 0
Marpuiisi BUMiproBaHb C 1;0;0; 1
. . . 0 1;0;0; 1
BaroBi MaTpuili KpUTEPil0 CUCTEMU ONTUMAIbLHOIO KEPYBAaHHS R 1500 1
BaroBa matpuus ¢inbTpa il getekropa HeclpaBHOCTEH S 1;0;0; 1
[TouatkoBi yMOBM Mojeni x(0) 0; 1
KiHiieBi yMOBU CHIPSIKEHOTO PiBHSIHHS M2 0;0
Ilepion mocmimkeHHSs i KpOK AMCKpeTr3allii y Jaci 1y, At 0; 6; 0,01
Po3Mip i KiJIbKICTb KPOKiB TPaJiiEHTHOI MPOLEAYPU o, N 15,0; 15
CrapToBe 3HAUEHHS MapaMeTpa MOIIYKY u’ 20,0
MiHimMaabHe TOMyCTUME 3HAYEHHS IIKIIUTMBOTO KePYBaHHS U, in 19,5

JOJAHUX A0 KEepyBaHHsI 30ira€TbCsl 10 PilIEHHS U,.
OcTaHHE HaJa€e MOXJIUBICTb POOUTH BUCHOBOK PO
npaue3aaTHICTh 3alPOINOHOBAHOIO METO/Y Ta ajro-
pUTMY.

36iXHICTb WKIANMBOro KepyBaHHA ua

19.9 A
—— ua (WkipnMee KepyBaHHA)

19.8 1
o 19.7 4

19.6

19.5 4

repauia
Puc. 3. 30ikHICTh CIIOTBOPEHUX JaHUX KePyBaHHS U,
BucHoBku
PosrisiHyro KibGepaTaky i3 Kjacy HEMOMITHUX
atak (Stealthy attacks), crnpsiMmoBaHy Ha Moaudi-

Kallilo KepylouuX CHUTHaIiB CUCTEMM KepyBaHHS
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Oleksii Novikov, Mykola llin, Iryna Stopochkina, Mykola Ovcharuk

DETERMINATION OF PARAMETERS OF STEALTHY CYBER ATTACKS ON CONTROL SYSTEMS OF CRITICAL
INFRASTRUCTURE OBJECTS

Background. Integrating industrial control systems with modern network technologies has significantly increased cyber attacks
targeting critical infrastructure. Detection and mitigation methods for such attacks remain underdeveloped, necessitating the advancement
of mathematical frameworks capable of identifying attack parameters in such systems.

Objective. The purpose of the paper is to develop and investigate the parameters of a stealthy attack on a critical infrastructure
control system. The attack serves as a testing tool for cybersecurity systems by evading standard fault detection mechanisms.

Methods. The industrial control system model is represented as a differential equation. Parameters of an additive attack on the
control system are introduced. A fault detection criterion is defined. The problem of determining attack parameters is addressed using
optimal state control methods, employing the Lagrange functional and the gradient descent method.

Results. A new method and corresponding algorithm for identifying malicious control distortions using variational optimization and
the fast gradient descent method are proposed. A computational experiment confirms the effectiveness of the proposed algorithm.

Conclusions. The paper examines a stealthy attack capable of bypassing standard fault detectors aimed at modifying control sig-
nals in critical infrastructure management systems. The proposed method and algorithm can be utilized in penetration testing to assess
the security of automated control systems in industrial critical infrastructure. The algorithm’s functionality has been validated through
computational experiments.

Keywords: control theory; cybersecurity; stealthy attacks; parameter identification.
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